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FOREWORD

We take great pleasure in presenting this book of mathematics to
the students of Polytechnic Colleges. This book is prepared in
accordance with the new syllabus framed by the Directorate of
Technical Education, Chennai.

This book has been prepared keeping in mind, the aptitude and
attitude of the students and modern methods of education. The lucid
manner in which the concepts are explained, make the teaching
learning process more easy and effective. Each chapter in this book is
prepared with strenuous efforts to present the principles of the subject
in the most easy-to-understand and the most easy-to-workout
manner.

Each chapter is presented with an introduction, definition,
theorems, explanation, worked examples and exercises given are for
better understanding of concepts and in the exercises, problems have
been given in view of enough practice for mastering the concept.

We hope that this book serves the purpose i.e., the curriculum
which is revised by DTE, keeping in mind the changing needs of the
society, to make it lively and vibrating. The language used is very clear
and simple which is up to the level of comprehension of students.

List of reference books provided will be of much helpful for further
reference and enrichment of the various topics.

We extend our deep sense of gratitude to Thiru.S.Govindarajan,
Co-ordinator and Principal, Dr. Dharmambal Government polytechnic
College for women, Chennai and Thiru. P.L. Sankar, convener,
Rajagopal polytechnic College, Gudiyatham who took sincere efforts
in preparing and reviewing this book.

Valuable suggestions and constructive criticisms for
improvement of this book will be thankfully acknowledged.

Wishing you all success.

Authors
G _J
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SEMESTER |
MATHEMATICS — |
UNIT — |

DETERMINANTS

1.1 Definition and expansion of determinants of order 2 and 3
Properties of determinants Cramer’s rule to solve simultaneous
equations in 2 and 3 unknowns-simple problems.

1.2 Problems involving properties of determinants

1.3 Matrices
Definition of matrix. Types of matrices. Algebra of matrices such
as equality, addition, subtraction, scalar multiplication and
multiplication of matrices. Transpose of a matrix, adjoint matrix
and inverse matrix-simple problems.

1.1. DETERMINANT

The credit for the discovery of the subject of determinant goes to
the German mathematician, Gauss. After the introduction of
determinants, solving a system of simultaneous linear equations
becomes much simpler.

Definition:
Determinant is a square arrangement of numbers (real or
complex) within two vertical lines.

Example :
a b,|. .
1 Yis a determinant
a 2

Determinant of second order:

b
The symbol q consisting of 4 numbers a, b, ¢ and arranged in

a
C

two rows and two columus is called a determinant of second order.

The numbers a,b,c, and d are called elements of the determinant
The value of the determinantis A = ad - bc



Examples:

i‘ =(2) (1)-(5) (3)=2-15=-13

2. 46 ‘ =(4)(-5)-(6) (3)=-20-18=-38
3 -5
Determent of third order:
a; by ¢
The expression ja, b, c,|consisting of
az by cj3

nine elements arranged in three rows and three columns is called a
determinant of third order

The value of the determinant is obtained by expanding the
determinant along the first row
a, by
az b

b, c,
b; c3

a, C;

1 +C
az Cj

A:a]_ -

1

= a3 (b3 -bsCy)-by (ayC5 -a3C;,) +¢y (azbs -ash,)
Note: The determinant can be expanded along any row or column.

Examples:
=1(1-8)-2(2-20)+3(4-5)

tzs 1(~7) - 2(~18) + 3(~1
52 1 =-7+36-3
- -10+36=26
3 0 =3(6+4)+1-2+3)
@ |2 -3 4 =§élo)1+1(1)
1 -1 -2| ~2F
=31

Minor of an element
Definition :
Minor of an element is a determinant obtained by deleting the

row and column in which that element occurs. The Minor of 1" row J"
Column element is denoted by m;



Example:

1 -1 3
0 4 2
11 5 -3

) 0 4
Minor of 3 = =0-44 = -44
11 5

. -1 3
Minor of 0 =

Cofactor of an element
Definition :

Co-factor of an element in i"" row,j"" column is the signed minor of
row J™ Column element and is denoted by Aj.

(i.e) Aj=(-1)" m;
The sign is attached by the rule (-1)

th
I

i+]

Example
3 -2 4
2 1 0
7 11 6

L2
Co-factor of -2 = (-1) **? = (-1)°(12)=-12

%

Co-factor of 7= (-1) ***

—2 4
) O‘—(-l) (0-4)= -4

Properties of Determinants:
Property 1:

The value of a determinant is unaltered when the rows and
columns are interchanged.

a; a, as a; by ¢
(|e) If A = bl b2 b3 and AT = az bz Cz )
C; C, C3 as bs c3

then AT = A



Property 2:
If any two rows or columns of a determinant are interchanged the
value of the determinant is changed in its sign.

a; a, as b, b, bs
If A=b; b, bgand A;=la; a, az,
C; C, C3 C; C, C3

then A; = -A
Note: R; and R, are interchanged.
Property 3:

If any two rows or columns of a determinant are identical, then
the value of the determinant is zero.

a a, a3
(i.e) Thevalue of |a; a, aj| iszero Since R =R,
C; C C3

Property 4:

If each element of a row or column of a determinant is multiplied
by any number K #0, then the value of the determinant is multiplied by

the same number K.
a; by ¢
If A=ja, b, c,
as bs c3
Ka, Kb; Kc;
and Al = a2 b2 C2 y
ag by c3
then A; = KA

Property 5:

If each element of a row or column is expressed as the sum of
two elements, then the determinant can be expressed as the sum of
two determinants of the same order.



a; +d; b;+d, c;+d;

(ile)IfA=| a, b, Cyo |
ag bs C3
a; by ¢ d, d, dj
thenA=la, b, c,/ +|a, b, c,
az bs cg ag by c;
Property 6:

If each element of a row or column of a determinant is multiplied
by a constant K#0 and then added to or subtracted from the

corresponding elements of any other row or column then the value of
the determinant is unaltered.

a; by ¢
LetA=la, b, c,
az b; cj

a; +ma, +na; b;+mb, +nb; c;+mc, +nc,
A= a, b, C,
as by C3

a, b; ¢4 |ma, mb, mc,| [ha; nb; ncy
=, by, ¢l +|a; b, C, | +|a, by ¢,

az b; cj az bs C3 ag by cj
a, b, ¢, as bs c3
=A+mlja, b, c,|+nfa, b, c,
ag bs c3 as bs c3

Ai=A+m(0)+n(0)=A

Property 7:

In a given determinant if two rows or columns are identical for
X = a, then (x-a) is a factor of the determinant.



1 1 1
LetA=|a b c
a® p* ¢®
1 1 1
Fora=b, A=| b b =0 [C,, and C, are identical]
b® b* c®

.. (a-b) is a factor of A
Notation :

Usually the three rows of the determinant first row, second row

and third row are denoted by R;, R, and R; respectively and the
columns by C,, C,and C;

If we have to interchange two rows say R; and R, the symbol
double sided arrow will be used. We will write like this R, < R, it

should be read as “is interchanged with” similarly for columns
C2<—> C2.

If the elements of R, are subtracted from the corresponding
elements of R,, then we write R;-R, similarly for columns also.

If the elements of one column say C;,'m’ times the element of
C, and n times that of C; are added, we write like this C;— C;+ mC,
+n C; . Here one sided arrow is to be read as “is changed to”

Solution of simultaneous equations using Cramer’s rule:
Consider the linear equations.
X +by=c;
a,x+byy=c,
a; by

a, by

letA =




A = c, by
o b
C, Dy

a C

A, = 1 C1
a, C;

A Ay .
Then x = TX andy = o provided A#0

X, y are unique solutions of the given equations. This method of
solving the line equations is called Cramer’s rule.
Similarly for a set of three simultaneous equations in x, y and z
aixtbiy+ciz=d:
az Xx+b:y+c2z=d. and

as X + bsy + c3z = ds, the solution of the system of equations,

, ; i _Ax — Ay — Az
by cramer’s rule is given by, X‘f' y = e and z = ~

provided A # 0

where
a, by ¢ d by ¢
A=la, b, ¢, A,=|d, b, c,
az bz c3 dz bz cj
a, d ¢ a, by dy
Ay=la, d, c,| and A, =]a, b, d,
az d; cj3 az bs d;



1.1 WORKED EXAMPLES
PART - A

1. Solve X ‘
3x

Solution:

X 2
X 3X
3x?-2x=0
X(3x-2)=0

Xx=0 or x:E
3

X 8
=0
X

2. Solve

Solution:
X 8
2 X
x2-16=0
x> =16
X =14

m 2 1

3. Find the value of mwhen |3 4 2/=0
-7 3 0

Solution:

m 2 1
Given |3 4 2/=0
-7 3 0

Expanding the determinant along, R, we have

m(0-6)-2 (0+14) +1 (9+28) = 0
m(-6) -2 (14) +1 (37) =0



-6m -28 + 37=0

-6m +9=0
-6m =-9
m=2=2
6 2
1 20
4. Find the Co-factor of element 3 in the determinant |-1 3 4
5 6 7
Solution:
Cofactor of 3= A,, = (-1)** ; 3‘
= (1" (7-0) =7
PART - B
1. Using cramer’s rule, solve the following simultaneous equations
X+y+z=2
2x-y—2z =-1
X—2y—-z=1
Solution:
1 1 1
A=2 -1 -2
1 -2 -1

=1 (1-4) -1 (-2+2) +1 (-4+1)
=1(-3)-1(0) +1 (-3)

=-3-3=-6%0
2 1 1
A, =|-1 -1 -2
1 -2 -1



=2 (1-4) -1 (1+2) +1 (2+1)
=2(-3)-1(3) +1 (3)

=-6-3+3=-6
12 1
Ay=l2 -1 -2
1 1 -1

=1 (1+2) -2 (-2+2) +1 (2+1)
=1(3)-2(0)+1 (3)

=3+3=6
11 2
A, =2 -1 -
1 -2 1

=1(-1-2) -1 (2+1) +2 (-4+1)
=-3-3-6 =-12

.. By Cramer's rule,

- A
X:&:_G:]_ y:_y:i:-l
A - A -6
zZ= ﬁ:__lzzz
A -6

2. Using Cramer’s rule solve: -2y+3z-2x+1=0
-X+y-z+5=0 -2z -4x+y =4
Solution:

Rearrange the given equations in order

-2X-2y+3z = -1; -X+y-z = -5; -4x+y-2z2 =4

-2 -2 3
A=l-1 1 -1
-4 1 -2

10



= -2(-2+1) +2 (2-4) + 3(-1+4)
=-2(-1) +2 (-2) +3 (3)

= 2-4+9 =7
-1 -2 3

AX:—S 1 -1
4 1 -2

= -1(-2+1) +2 (10+4) +3 (-5-4)

= 1+28-27
=2
-2 -1 3
Ay=|-1 -5 -1
—4 4 -2

= -2 (10+4) +1 (2-4) +3 (-4-20)
=-2(14) +1 (-2) +3 (-24)

=-28-2-72

=-102

-2 -2 -1
A,=|-1 1 -5

-4 1 4

= -2 (4+5) +2 (-4-20) -1 (-1+4)

=-18-48-3
=-69
A _
X:ﬁzg,y:_yz 102,and z7=52
AT A 7

3. Using Cramer’s rule solve
2x-3y =5
x-8=4y

11



Solution:
2x-3y =5
X-4y = 8
12 -3 _ Nl
—‘1 _4‘—(2)(4) (-3) (1)
=-8+3=-5

5 -3

_ 4‘ =(5) (-4)-(-3) (8)

=-20+24=4
25
18
By Cramer’s rule

=16-5=11

1.2 PROBLEMS INVOLVING PROPERTIES OF DETERMINANTS

PART-A
1) Evaluate
20 11 3
11 -7 4
19 11 30
Solution:
20 11 3
A=1]11 -7 4
19 11 30
31 11 3
=4 -7 4] C,—>C;+C,
30 11 30

A=0 since C, =C,
12



2) Without expanding, find the value of

1 -2 3
1 -1 2
3 -6 9
Solution:
1 -2 3 1 -2 3
LetA=1[1 -1 2| =|1 -1 2

3 -6 9| [3() 3(-2) 3(3)

1 -2 3
=31 -1 2
1 -2 3

=3(0)=0,since R, =R,

3) Evaluate
1 a b+c
1 b c+a
1 ¢ a+b
Solution:
1 a b+c
LetA={1 b c+a
1 ¢ a+b
1 a+b+c b+c
=1 a+b+c c+a C,—>C,+C4
1 a+b+c a+b
1 1 b+c
=(ath+c) 1 1 c+a
1 1 a+b

= (atb+c) (0) = 0, since C,=C,
13



X-y y—-2z z-X
4) Provethat y—-z z-x x-y| =0
Z-X X-y y-2
Solution:
X-y y—-2z z-X
LHS=|y-z z-Xx Xx-Yy
Z-X X-y y-z
X-Yy+y—-z2+z2-X y—-2 z-X
y-z+z-X+x-y z-x Xx-y| C, —=-C+C,+C4
Z-X+X-y+y—-z2 X-y y-z
0 y-z z-X
=0 z-x x-y|=0=R.H.S
0 x-y y-z
PART - B
1 x x2
1) Provethat [l y y?| =(x-y)(y-2) (zx)
1 z z2
Solution:
1 x X2
LHS=1 vy y?
1 z z2
X-y xz-y?
1 z z?

14



1 x+vy
1 y+z
z z?

= (x-y) (y-2)

= O O

1
= (xy) (y-2) | x::y (expanded along the first column)
y+z

=(x-y) (y-2) [L(y+2) —1(x+y)]
= (x-y) (¥-2) (z-x)

LHS=R.H.S
1 1 1
2) Provethat{a b c|=(a+b+c)(a-b) (b-c)(c-a)
a® b® ¢
Solution:
1 1 1
LHS=|a b c
a® b c?
0] 0] 1

A=|a-b b-c

C Cl%C1 _Cz,Cz %CZ _C3
a®-ppd-c® ¢?

0 0 1
A= a-b b-c c
(a-b)@® +ab+b?) (b-c)b?+bc+c?) c3

0 0 1
A = (a-b) (b-c) 1 1 c
a’?+ab+b?> b?+bc+c? ¢

1
A = (a-b) (b-
(@b) (b-c) a’®+ab+b? b?+bc+c?

(expanded along the first row )

15



:(a-b)(b-c)[bz+bc+cz—(a2+ab+b2)l
=(a-b)(b-c)[b?+bc+c?-a%-ab-b?]
=(a-b)(b-c)[bc+c?-a?-ab]
=(a-b)(b-c)[c?-a’ +b(c-a)]
=(a-b)(b-c)[(c+a)(c-a)+b(c-a)]
=(a-b)(b-c)(c-a)[c+a+h] =R.H.S

1+a 1 1
3) Provethat| 1 1+a 1 | =a2(3+a)
1 1 1+a
Solution:
1+a 1 1
LHS=|1 1+a 1
1 1 1+a

3+a 3+a 3+a
1 1+a 1 R; >R;+R, +R4
1 1 1+a

=3+adl 1+a dJ
1
1
+

:(3+a) —a Clﬁcl'CZ,C2%C2'C3

a

= (3+a) | aa‘ =(3+a) (a2-0)

= a2 (3+a) =R.H.S

16



a-b-c 2a 2a
4) Provethat| 2b b-c-a  2b | =(atb+c)®
2c 2c c—-a-b
Solution:
a-b-c 2a 2a
LHS = 2b b-c-a 2b
2c 2c c—-a-b

a+b+c a+b+c a+b+c

2c 2c c—-a-b
1 1 1
=(ath+c) |2b b-c-a 2b
2c 2c c—a-b
0 0 1
Cl_>Cl'C2!
= (atb+c) a+b+c —-(a+b+c) 2b c -
0 a+b+c c-a—b "2 7273
= (a+be+0) a+b+c —-(a+b=c)
0 (a+b+c)
= (a+b+c) [(a+b+c)® - 0]
= (a+b+c)® =R.H.S
1+a 1 1
1 1 1
5) Provethat| 1 1+b 1 | =abc [1+—+—+—}
a b ¢
1 1 1+c
Solution:
1 1 1
a(—+1 a(— a(—
1+a 1 1 (al) 1(a) (?)
LetA=| 1 1+b 1| = b(E) b(E+1) b(B)
1 1 1+c 1 1 1
c(=) c(=) c(=+)
c c c
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13 MATRICES

Introduction:

The term matrix was first introduced by a French mathematician
Cayley in the year 1857. The theory of matrices is one of the powerful
tools of mathematics not only in the field of higher mathematics but
also in other branches such as applied sciences, nuclear physics,
probability and statistics, economics and electrical circuits.

Definition:

A Matrix is a rectangular array of numbers arranged in to rows
and columns enclosed by parenthesis or square brackets.

Example:
2 10
12
1.A= 2.B=|-5 6
3 4
1 0 8

Usually the matrices are denoted by capital letters of English
alphabets A,B,C...,etc and the elements of the matrices are
represented by small letters a,b,c,.etc.

Order of a matrix
If there are m rows and n columns in a matrix, then the order of
the matrix is mxn or m by n.

a; a as}

Example: A=
b; b, bg

A has two rows and three columns. We say that A is a matrix of
order 2x3

Types of matrices
Row matrix:

A matrix having only one row and any number of columns is
called a row matrix.

Eg:A=(1 2 -3)
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Column matrix

Matrix having only one column and any number of rows is called
a column matrix.

2
Eg:B=| 3
-4
Square matrix

A matrix which has equal number of rows and columns is called
a square matrix.

1 0 2
3 -9
Eg:A=|2 -1 4| : B=
4 1
3 2 6

A is a square matrix of order 3
B is a square matrix of order 2
Null matrix (or) zero matrix or, void matrix:

If all the elements of a matrix are zero, then the matrix is called a
null or zero matrix or void matrix it is denoted by O.

~_Joo [ooo
Eg'o_{o o} (2)0{0 0 0}

Diagonal matrix:
A square matrix with all the elements equal to zero except those

in the leading diagonal is called a diagonal matrix

5 0 O
Eg: |0 -2 0
0O 0 4
Unit matrix:

Unit matrix is a square matrix in which the principal diagonal
elements are all ones and all the other elements are zeros.
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It is denoted by I.

100
Eg:1,=[0 1 0
00 1

Here I3 is a unit matrix of order 3.

o

I, is a unit matrix of order 2.

Algebra of matrices:
Equality of two matrices:

Two matrices A and B are said to be equal if and only if order of
A and order of B are equal and the corresponding elements of A and
B are equal.

1
Eg:if A= 05 and B = abc
-3 1 4 Xy z

then A = B means a=1 b=0 c=5
x=-3 y=1 z=4
Addition of matrices:
If A and B are any two matrices of the same order, then their sum

A+B is of the same order and is obtained by adding the corresponding
elements of A and B.

12 4
Eg: If A= , B= 6 then
30 7 9

A+B = 1+4 2+6 _ 5 8
3+7 0+9 10 9

Note : If the matrices are different order, addition is not possible.
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Subtraction of matrices:

If A and B are any two matrices of the same order, then their
difference A-B is of the same order and is obtained by subtracting the
elements of B from the corresponding elements of A.

1 4 1
Eg: If A= 3 B= then
20 2 -1

woly o e Al oo 1

Scalar multiplication of a matrix

If A is a given matrix, K is a number real or complex and K=0
then KA is obtained by multiplying each element of A by K. It is called
scalar multiplication of the matrix.

1 2 —1]
Eg:ifA=|2 0 5 | andK=3
3 1 6]

12 -1] [3 6 -3
KA=3|2 0 5(=|6 0 15
31 6] (9 3 18

Multiplication of two matrices:

Two matrices A and B are conformable for multiplication if and
only if the number of columns in A is equal to the number of rows in B.

Note: If A is mxn matrix and B is nxp matrix then AB exists and is of
order mxp.

Method of multiplication:

Xy Y1 2y
} and B=|x, vy, 2z,
2x3

X3 Y3 Z3 5,4

a by ¢

Let A=
a, b, c,

Here the number of columns of matrix A is equal to the number
of rows of matrix B. Hence AB can be found and the order is 2x3.
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Each element of the first row of AB is got by adding the product
of the elements of first row of A with the corresponding elements of
first, second and third columns of B. On similar lines, we can also get
the second row of AB.

Xy Yo Zp

(ie) AB = (al
X3 Y3 Z3

X z
b, ¢ 1 Y1 4
a, b, ¢,

B aX, +bX, +Ci X5 ay, +by, +cy;  azy +bjz, +¢,75
X +D,X, +CoX5 Ay, +byy, +Cy; &,z +byz, +C,z5
Note: (1) If A is of order 3x3 and B is of order 3x2 then AB is of order
3x2 but BA does not exist.

(2) If AB and BA are of same order they need not be equal. In
general AB # BA.

Example:
12 3 w12
IfA= and B=| 3 4 | then
3 0 2
4 -3

AB = -1+6+12 2+8-9| |17 1
-3+0+8 6+0-6 5 0

Transpose of a matrix

If the rows and columns of a matrix are interchanged then the
resultant matrix is called the transpose of the given matrix. It is

denoted by AT (or) A’

1 2 3
Example:IfA=14 -5 6
7 0 1

1 4 7

then AT= -5 0

3 6 1
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Note: (i) If a matrix A is of order mxn, then the order of A"is nxm.
(i) (AN = A

Co-factor matrix:
In a matrix, if all the elements are replaced by the corresponding
co-factors is called the co-factor matrix.

Example:

1
The co-factor matrix of the matrix.{ } is as follows

Minors co-factors
My, =3 Cyp = (-1 my; = (-1°(3)=3
My, =8 Cpp = (12 my, =(-1)°(8)=-8
My =-4 Co1 = (1% my, = (-1)%(-4) =4
My =1 Ca = (-1)2"2my, = (-1)*(1) =1
co-factor matrix is [C“ Clﬂ - {3 - 8}

Cax Cox 4 1

Adjoint matrix (or) adjugate matrix:

The transpose of the co-factor matrix is called the adjoint matrix.
or adjugate matrix. It is denoted by adj A.

Example

3 2
LetA=
5

Cofactor of 3 = (-1)""*(4) =4
Cofactor of 2 = (-1)"**(-3) = 3
Cofactor of -3 = (-1)*}(2) =-2
Cofactor of 4 = (-1)*"*(3) =3
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-2 3

Adj A = [4 _2}
3 3

4 3
Cofactor matrix = [ }

Singular and Non-singular matrices:

A square matrix A is said to be singular if|A|= 0. If the

determinant value of the square matrix A is not zero it is a non-
singular matrix.

Example:
2 5 7
LetA=(7 1 6
5 -4 -1
2 5 7
lAl=|7 1 6
5 -4 -1
= 2 (-1+24)-5(-7-30)+7(-28-5)
= 46+185-231 =0
~|A|=0

The given matrix A is singular
Inverse of a matrix:

Let A be a non-singular square matrix if there exists a square
matrix B, such that AB=BA=I where | is the unit matrix of the same
order as that of A, then B is called the inverse of matrix A and it is
denoted by Al (to be read as A inverse). This can be determined by

using the formula. A™* = ﬁ adj A
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Note:

1. if |A|=0, then there is no inverse for the matrix
2. ATA =AA'=

3. (AB)'=B'A"

4. (A)T=(AYT

Working rule to find A™:

1)
2)

3)

4)

Find the determinant of A

Find the co-factor of all elements in A and form the co-factor
matrix of A.

Find the adjoint of A.

Atz AdA provided |A|=0

A

Note: For a second order matrix, the adjoint can easily be got by
interchanging the principal diagonal elements and changing the signs
of the secondary diagonal elements.

Example

d -b d -b
Adjoint A = By —
-Cc a ad—-bcl-c a
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WORKED EXAMPLES:
PART - A

21 -1
1. IfA= (5 5 3 J what is the order of the matrix and find A"
Solution :

2 1 -
A =
o2 73)

The order of the matrix is 2x3

2 5
AT=|1 2
-1 3
2 -1 4
2. IfA= 30 , B= 3 find 3A — 2B
52 -1 2 6 7

Solution:

2 3 0 3 -1 4
3A-2B =3 -2
AT el
(6 9 0 6 -2 8
“l15 6 -3) |4 12 14
_(6-6 9+2 0-8) (0 11 -8
" |15-4 6-12 -3-14) (11 -6 -17
2 -1 .
3. Iff(x):4x+2andA:(0 BJflndf(A)

Solution:

2 -1

A= ( jandf(x):4x+2
0 3

f(A) = 4A+2l,,
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4 2 4
4. If X+Y = and X-Y = find X and Y
1 8 3

solution:

Given X+Y = [6 4) ....... N}

and X-Y = [2 4J .......... (2)

Adding2x=| 8 8] . x=1
10 4

Substitute matrix X in (1)

safrl
232
S

5. Find the value of ‘a’ so that the

Y

Y

1 -2 0
matrix |2 a 4| is singular
2 1 1
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solution:

1 -2 0
LetA=|2 a 4
2 1 1

The matrix A is singular, then |A|= 0

4 =0
2 1 1

Expanding through first row
1 (a-4) +2 (2-8) =0
a-4+4-16 =0
a-16 =0
a=16

6.IfA= Lo and B = 03 find AB
2 1 2 4

Solution:
_(1 0)0 3
AB‘(z 1)(2 4)
_(0+0 3+0)_(0 3
“lo+2 6+4)7(2 10
2 1
7. Find A%, if A =
10

Solution:

5 2 1Y2 1
AZ=AA=

1 001 0
_4+12+0_52
2+0 1+0) (2 1
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3 2
8. Find the adjoint of ( J
-3 4

Solution:

Let A= ( 3 ZJ = {aﬂ al?}
-3 4 ay; Ay
Ay = ()" (4)=(-1)%4=4
App =(-1)"?(-3)=(-1)°(-3)=3
Ay =(-1)*"(2)=(1)%@2)=-2
Ay =(-1)**?(3)=(-1)*(3)=3

. 4 3 , 4 -2
Cofactor matrix A = ~Adj A=
-2 3 3 3

Aliter: Inter Changing elements in the principal diagonal and changing

sign of elements in the other diagonal

4 -2
Adj A =
3 3

2 3
9. Find the inverse of
4 5

Solution:
2 3
Step 1: let A=
4 5
2 3
Now |A| =
4 5
=10-12
=-220
- A exists.
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S 5 -3
adJA—(_4 2)
. 1 . 1 5 -3
Al=_—AdA=—
Al =i
PART-B
2 -1 0 -2 1 -1
DIfA=|0 -2 1|and B=| 1 2 -2
1 0 1 2 -1 -4
Show that AB = BA
Solution:
(2 -1 0][-2 1 -1
NowAB=|0 -2 1 1 2 =2
1 0 1][2 -1 -4
[-4-1+0 2-2+0 -2+2+0
=| 0-2+2 0-4-1 0+4-4
-2+0+2 1+0-1 -1+0-4
-5 0 0]
AB=| 0 -5 0
|0 0 -5
-2 1 -1][2 -1 0
BA=| 1 2 -2||0 -2 1
2 -1 -4|1 0 1
-4+0-1 2-2+0 O0+1-1

2+0-2
4+0-4

-1-4+0 0+42-2
-2+2+0 0-1-4
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-5 0 O
=0 -5 0

.. AB = BA

1 2 3 2
2) Show that AB # BAif A= and B=
-1 4 1 -1

Solution:

1 2)\(3 2
Now AB = ]( ]

Similarly

3 2)1 2
BA =
1 —J(—l 4)

_(3-2 6+8
141 2-4

(1 14
2 -2
- AB % BA

1 2
If A= s 4 Find A% +2AT +1

Solution:

A=
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Now A%+ 2AT+|

(3 26 A6 &

1+6 2-8) (2 6
= + +
3-12 6+16J (4 —8}

7 -6) (2 6) (10
= + +
-9 22J [4 —SJ (o 1

M

10
01

)

|

10
01

(10 0
-5 15
2 11
4HIfA=|1 2 1| showthat(A-1)(A-41)=0
112
Solution:
2 1
A=|1 2 1
112
2 1 1) (10 0) (111
All={1 2 1|-|0 1 0|=]111
112001 (111
2 11\ (4 00
A-41=|1 2 1|-|0 4 0|=
112 (00 4
(11 1] [-2 1 1
(A-1fA-4)=|1 11| |1 -2 1
111 |1 1 -2
0 0 0
=0 0 0 =0
000
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N N P
N DN

2
2 | show that A%-4A = 5] and hence find A®
1

N N P

N P DN

2
2
1

1+4+4 2+2+4 2+4+2

=|12424+4 4+1+4 4+2+42

5 If A=
Solution:
1 2
LetA=[2 1
2 2
12 2
A’=|2 1 2
2 21
9 8 8
=8 9 8
8 8 9
9 8
A’-4A=|8 9
8 8
9 8
=8 9
8 8
50
=0 5
00
To find A3

24+4+2 4+42+2 4+4+1

N N P
N P DN
= N DN

oo h

» 00
~_

=5] = RHS

o O
o » O
= O O

We have proved that A>-4A = 5|
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A? = 4A+5]
Multiplying both sides by A, we get
A% = 4A%+5A1 = 4A%+5A

9 8 8 1 2 2
=418 9 8|+5|2 1 2
8 8 9 2 21

36 32 32 5 10 10
=132 36 32|+(10 5 10
32 32 36 10 10 5

41 42 42
=42 41 42
42 42 41

2 3 -1 2
6) IfA:( J B:( JShow that (AB)™" = B*A™

-1 0 0
Solution:
2 -1 2
AB = 3
-1 0){0 1
_(—2+0 4+3
1+0 -2+0
(-2 7
1 -2
|AB|=| =4-7=-320
1 -2

(AB) ™" exists

Adj (AB) = (:i :g
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(AB)= Adj(AB) _ 1 (—2 —7] "

lag[  -3l-1 -2
o
B=
0 1
-1 2
|B|=‘ ‘:-1-0:-1¢0
0
B™ exist

0 -3
Ade:[ J
1 2

0 -3)_ 1(-2 -7
(1 2)‘ 3 (—1 —2) @)
From (1) and (2)

(AB)'=B"A"
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1 1 -1
7. Find the inverse of the matrix | 2 1 O

-12 3
Solution :

11 -1
letA=|2 1 0
-12 3

11 -

lAl=|2 1 o

-12 3

= 1(3-0) -1 (6-0) -1 (4+1)
=1(3) -1 (6) -1 (5)
=365=-820 A’ exists

A =+F Y =30=3
Sl

2 0
A, =- =-(6-0)=-6
12 ‘_1 3‘ (6-0)
A —+2 1—(4+1)—5
13 _1 2
VT s (3+2) =-5
21 2 3
A, =+t T =(3-1)=2
22 -1 3

1
Azs"‘ 1 ‘:'(2*‘1):'3
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Az =+

A OJ‘ =(0+1) =1

1 —
Ay, =- =-(0+2) =-2
o ‘2 O“ (0+2)

1
A33_+2

j‘ =(1-2)=-1

3 -6 5
Co-factor matrix A=|-5 2 -3
1 -2 -1

3 -5 1
AdjA=|-6 2 -2
5 -3 -1

AdA -1

A'1:T|=— -6 2 -2

EXERCISE
PART-A

+y X
y+4z y

1. Find the Value of

sin® -—coso

2. Find the value of the determinant c0S 0 sin®

1 0 -
3. Find the value of minor 5 in the determinant |5 2 4
3 -2 6
2 -4 1
4. Find the value of ‘m’sothat |4 -2 -1=0
3 1 m
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10.

11.

12.

13.

14.

15.

1 -1 2
Find the value of ‘X' if 5 3 x[=0
2 1 4

18 40 58
Evaluate without expanding 16 36 52
12 28 40
1 X y+z
Showthat[l y z+x| =0
1 z xX+y
a-b b-c c-
Prove that b-c c—-a a-bl =0
c—-a a-b b-c
1 ab bc+cal
Show that 1 bc ca+ab|=0
1 ca ab+bc

1 1 1
Findthevalueof |]a b ¢
2a 2b 2c
4 -1 2
Showthat 2 3 8/ =0
1 2 5

If A= 12 and B = 12 find 2A—-B
6 -1 -1 0

Find 2x2 matrix A if a; = i+j

If f(x) =x+3and A = ﬁ ?J find f(A)

If f (X) = 2x-5 and A = ((1) _21] find f(A)
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1 -2 3
16. Show thatthe matrix |0 1 3| is singular
2 -4 6
101
17. Prove thatthe matrix |2 1 0| is non-singular
111
12
18. IfA= and B = find AB
-10 2 1

10 ix= 1 "Handv=[? 2 findxv.
-1 0 15

20. IfA= 2 1J find A?
1 4

2 1
21. Find the co-factor matrix of[ 1 3)

2 -
22. Find the adjoint of
6 1

2
23. Find the in inverse of ( 1 ZJ

24. Find the in inverse of 3 -
0 2

PART - B
1. Solve by Cramer’s rule
a. 3x—-y+2z=8,xy+z=2and2x+y—-z=1
b. 3x+y+z=3,2x+2y+5z=-landx-3y—-4z=2
X+y+z=3,2x+3y+4z=9and3x—-y+z=3
X+ty+z=3,2x-y+z=2,3x+2y-22=3
X+y—2=4,3x-y+z2=4,2x-7y+32=-6

-~ o o o

X+2y—2=-3,3x+y+z2=4,%x-y+22=6
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1 a a?
. Provethat 1 b b? =(a-b)b-c)c-a)

1 ¢ c?
X+y z z
. Provethat | x y+z x |=4xyz
y y Z+X

a bc abc] |a a® a
. Provethat b ca abc/=p b? bl
c ab abc| c c? ¢

X+a b c
. Provethat| a x+b ¢ :xz(x+a+b+c)
a b x+c

ifa=|t "YHande=| 2% ?|showthat AB=BA
1 1 —2 2

3 6 50
CfA= and B = verify that (AB)* = B*A™
1 -2 2 3

. Find the inverse of the following
1 0 -1
|3 4 5
0 -6 -7
1 1 1
|2 -1 -2
-1 -2 -1

i3 8 2

1 -1 1
iv)[2 3 -3
6 -2 -1
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ANSWERS
PART - A

y2—4xz

1

x=10

0

6

10 O

-2
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11
22,

-3

111

2

0 12 )
6l0 3
1. a) 1,34
b) 1,1,-1
c)1,1,1
d)1,1,1
e)2,1,-1
f)1,-1,2
2 6 4
8. ) 1| 21 -7 -8
20
-18 6 4
-3 -1 -1
iy Xl o -2 a4
6
-3 3 -3
~26 -7 12
i) 11 3 -5
-5 -1 2
-9 -3 0
v) L -16 -7 5
-22 -4 5

PART -B
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UNIT =1

BINOMIAL THEOREM

2.1 Definition of factorial notation, definition of Permutation and
Combinations with formula. Binomial theorem for positive
integral index (statement only), finding of general and middle
terms. Simple problems.

2.2 Problems finding co-efficient of x", independent terms. Simple
problems. Binomial Theorem for rational index, expansions, only
upto — 3 for negative integers. Simple Expansions.

2.3 Partial Fractions

Definition of Polynomial fraction, proper and improper fractions
and definition of partial fractions.

To resolve proper fraction into partial fraction with denominator
containing non repeated linear factors, repeated linear factors
and irreducible non repeated quadratic factors. Simple problems.
2.1 BINOMIAL THEOREM
Definition of Factorial Notation:
The continued product of first ‘n’ natural numbers is called “n
factorial’ and is denoted by n! or |n

ien =1234........ (n-1).n
5! =1.2.3.45=120

Zero factorial: we will require zero factorial for calculating any value
which contains zero factorial. It does not make any sense to define it
as the product of the integers from 1 to zero. So we define 0!=1

Deduction: n! =1.2.3.4...........(n-1)n
=[1.234........(n-D)]n
=(n-1)!n

Thus, n! =n[(n-1)!]

For Example,

91= 9(8!)
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Binomial Theorem
Introduction:

Before introducing Binomial theorem, first we introduce some
basic ideas and notation.

First we begin with the following problem. We want to select 2
carom players from among 5 good carrom players. Let us denote
them by the letters A,B,C, D and E.

To Select 2 players, we shall first take A and then with him,
associate B,C,D and E. That is AB, AC, AD and AE are four types of
selection of 2 players. Also starting with B, we have BC, BD and BE
with C, CD and CE and finally starting with D, we have DE only.

So totally there are 10 ways, for selecting 2 players out of 5
players, If we denote the number of ways of selection of 2 persons out
of 5 persons, symbolically by 5C,, then we have 5C, =10

Also let us assume that the selected 2 players are going to Pune
for national level competition. Since attending such national level
competition itself is admirable, we want to give pose for a group photo.
Two chairs are brought as shown below, there are two types of
arrangements

Arrangement — 1 Arrangement — 2
Chair 1 Chair 2 Chair 1 Chair 2

Thus we see that for one selection, there are two different
arrangements and so for the total of 10 selection, the total number of
arrangements is 20.

That is if the number of ways of arrangement of 2 persons out of
5 persons, is denoted by 5P, we have 5P, = 20.

The above “arrangement” and “selection” are usually called
“permutation and combination”. They mean the arrangement by the
work permutation and the selection, by the work combination.

So the number of ways of arrangement and the number of ways
of selection in the above example are respectively denoted by 5P, and
5C,.
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Hence we have 5P, = 20 and 5C, = 10, as seen in the above
example of carom players, and the method of calculating 5P, or 5C,
can be remembered as below:

5P, = 5(5-1) = 5x4 = 20
55-1) 5x4

5C, = 10
1x2 x2
Examples:
1)7P; = 7.6.5 =7x30 =210
7.6.5

and7C,= 1.2.3 =35
2) 11p, =11.10.9.8=110x 72 = 7920

11.10.9.8
And 11C, = 1234 =11x30=330

Note : Selection of 11 cricket players out of 17 players can be done in
17C,; ways and
17.16.15.14.13.12(11.10.9.8.7)

1.2.3.45.6.(7.8.9.10.11)
~17.16.15.14.13.12
~ 123456

17Cy, =

= 17C6

That is, selection of 11 out of 17 is same as selection of 6 out of
17. In general, nc, = nc, _,

Also it must be noted that the number of ways of selection or
arrangement (combination or permutation) will always be a positive
integer and it can never be a fraction.

Definition: np;, is the no.of ways of arrangement (or permutation) of r
things out of n things.

nc, is the no. of ways of selection (or combination) of 'r’ things out
of 'n’ things.
(or)

np, means number of permutation of n things, taken 'r’ at a time
and nc, means the no.of ways combining 'n’ things, taken 'r’ at a time.
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Note:

The values of np, and nc, are given below
|

np, =n(n-1)(n-2)...(n-r+1)=

(n—r)!
ne _nin-)(n-2)........ (n-r+h) nl
' 1.23....r (n—r)r!
where n! =1x2Xx 3 X.......... Xn
Examples:

np; = N, NPz, = n(n-1), npz = n(n-1)(n-2)

nc, :%, nc, n(: ;1) ,nc, = n(n —11;(2—2) etc.

2.2 BINOMIAL THEOREM

Binomial means an expression, which consists of two numbers or
group of numbers connected by plus sign or minus sign

Example:
X+Yy,2x-y,a+2b,3-(a+b),x3 2 etc.,
X

In binomial theorem, we deal with the powers of binomial
expressions. From school studies, we know that

(x+a)’ =x*+2xa+a’
and (x+a)’ =x+3x’.a+3xa’+a’
After studying about the values of nc, (ncy, nc,, ncs,.......... etc),

we can understand and
write the expansion of (x+a)® as below
(x+a)® = x>+ 3cx%.a + 3cx.a’+a’

Similarly for (x+a)* and (x+a)° , we can write as below:
(x+a)* = x*+4c;.x%a +4c,.x°a’+4cx.a>+a” and

(x+a)® = x>+5¢,.x"a + 5¢,.x°a%+ 5egx’.a’+5exa’ +a°
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Statement: Binomial theorem for a positive integral index
If n is any positive integer, then

"2 a?+nca.x"3ac+....... +nc.x""a+........ +a".

(x+a)" = x™+nc.x"t.a+nc,.X
Notes :
1) The total number of terms in the expansion is (n+1)

2) In each term, sum of the powers (exponents) of x and a is equal to
n.

3) The general term ncr.x™".a"is (r+1)" term. le t.,; = nc,.x™".a"
4) nce,ncy,Ncs........ etc are called binomial co-efficient

5) Since nc, = nc,,

We have ncy = Ngy, NC1=NCy.1, NC,=NCy.,, €tC.,

It must be noticed that nco=nc,=1

6) If 'n’is an even integer, there is only one middle term which will be

th
at[g+1j place and if 'n’ is odd number there are two middle

n+1 i n+3 i
terms, which are at(Tj and (Tj places.
7) To find the term independent of x in the binomial expansion, put
the power of x in the general term as zero

8) Infinding the term independent of x, if the value of r comes to be a
fraction, then it means that other is no term independent of x.

Binomial Theorem for rational index: If x is numerically less than
one and n, any rational number, then,

(1+x)" =1+nx +

n(n-1) W2 4 n(n—-H(n-2) W3 4
1. 1.2.3
Note :

1) The no. of tems in the expansion is infinite

2) Here the notations ncy,nc,,nc........ etc are meaningless; since n is a
rational number

3) Also here we consider, only expansions of negative integers upto-3
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When the values of 'n’ are -1,-2,-3 the expansions are
1) (1-X) " = 14+

2) (1) = 1XECX

3) (1-X)? = 1+2X+3x°+4XC..

4) (1+%) 2 = 1-2x+35%4C..

5) (1-x)* = 1+3x+6x°+10x°+15xX"..............

6) (1+x)° = 1-3x+6x>-10x>+15x"..............

2.1 WORKED EXAMPLES
PART - A

1.Expand (2x-y)* using binomial therorem
(x+a)" = x"+nc.x"h.a + nc,.xa’ + ....+nc X" A+ +a"
(2x-y)" = [2x+(-Y)]* = (2%)" + 4c1(20)°(-y) +4C,.(2%)° (-y)*+4Cs.2x.(-y)
+(y)*
=16x" — 32x3.y+24x2.y2 — 8xy3 + y4

5
2.Expand (x +1j using binomial theorem
X

5 2 3 4
(x + lj =x>+ 5c1.x4.(1j + 5cz.x3.[1j + 503.x2(1j + 5c4.x.[1j
X X X X X
)
+ —
X

x° +5x3 +10x +

10 5 1
S ratE

X X

(xs + isj + 5(x3 +i3j + 10(x + l)
X X X
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10
3.Find the general term in the expansion of [x —lj
X

Solution : The general term,

nc,x"".a

tr+1 =

r
10CI’.(X)10_r.(— 1) ,since here n=10, x=xanda= _1
X X
= 10cr.x'%7" (=) x " =10c,.(-1)" xO*

8
4. Find the 5" term in the expansion of (x +1j
X

Solution: The general term, t.; =nc.x".a'
Herer+l1=5

r=4we get 5" term ts

Also n=8, x=x and a = %
ts = 804.x8‘4.(1j4
X
b v
PART - B

8
1.Find the middle term in the expansion of [x +1j
X

Solution: Here n is even number and so there is only one middle term

8 th
and that is (E + 1) term.

So, 5" term is the middle term.
Now, general term is t,,; = nc.x"".a’

To find t5, put r =4
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1 4
.'.t5 =t4+l =804.(X)8_4(;j

X
1234 x

=14x5=70

8765 4, 1
vy

11
2.Find the middle terms in the expansion of (2x2 +Ej
X

Solution:
Since here n is odd number, the total no. of terms in the

th
L . n+1
expansion is even and so there are two middle terms (—j and

th th
(n;Sj terms are the middle terms. i.e, (11; 1) and

th
(11; 3} terms, that is 6™ and 7" term are the middle terms

Now, general termis t,,; =nc,.x""a'

1 5
t6 =t5+1=1105.(2X2)11_5{§j
=11c. 2% .(x?)8.
22000 ¥
=11c..25 (x*?).
o204

=11cg 2°.x*27° =11c, 2%’

1 6

t7=t611 = 1106(2X2)11_6[_J
X

=11c6(2x2)5[a6

1

=11cs.2°x"0. =
X

=11c2°x*.
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3.By using Binomial theorem, find the 6" power of 11

Solution :
11°=(10+1)°
=10° +6¢,.10° + 6¢,.10%.1° + 6¢5.10%.1> + 6¢,.10%.1°
+6C5.10.2° +(1)°

65 44,654

.10° +6¢,10% +6¢,10 +1°
1.2 1.2.3

=10° +§.105+
1
=10°+6.10°+15.10* + 20.10° +15.10% +6.10 + 1

10,00,000
6,00,000
150,000

={ 20000 (=L771561

1500

60
1

4.Using Binomial theorem, find the value of (1.01)° correct to 3
decimal places.

Solution :
(1.01)°=(1+0.2)°
=1°+5¢,.1*(0.01) + 5¢,.1%.(0.01)? + 5¢5.1%.(0.01)°
+5¢,.11(0.02)* +(0.02)°

= 1+%(0.01) + %(0.01)2 +5C,(0.00)% +............

=1+0.05+10.(0.0001) + ..............
=1+0.05+0.001+ ...ooo........ =1.051,

Correct to 3 decimal places.
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2.2 WORKED EXAMPLES
PART - A

1. Find the expansion of (1+x)™

Solution:

We know that  (1+x)" =1+% +
1 1.2 1.2.3

;a+xy2=1+¢2y+“af§‘4)@2y+“2x‘2123

1oy y CAERX | (22)(-3)(-4) 3
1.2 1.2.3

=1-2X+3X% —4x3 4.,

2. Find the expansion of (1-x)™

Solution:

Aox) P 14 (L3) (s EAEB=DEN” | (3)(3-D(-3-2)

n(n —1)x? -1 2)x3 .

(—2—2y3+

1.2 1.2.3

PART - B

3

15
1.Find the co-efficient of x** in the expansion of (x“ —ij
X

Solution:

rar

t,,=nc,x""a

Now, general term is
1Y
t,,, =15c,.(x*)" (X—gj
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— 15Cr.X60_4r (_1)r X—3r
=15¢,.(-1)' x*°7"" (1)

To find the co-efficient of x*%, put 32 = 60 — 7r
= 7r=60-32=28 andr:§:4

Applying r = 4 in the equation (1), we get

ty,1=15C,.(-1)* x50~

i.e., ts =15c,.1.x%2. so, co-efficient of x* is 15¢,.

10
2. Find the term independent of x in the expansion of (x—lj
X

Solution:

rar

t,,=nc, x""a

Now, general term is
1 r
t,+l=1OCr.(x)1°".(— —j

X

=10c,.(x)"0".(- 1) x7"

_ \r10-2r
=10c,.(-1)" 1)

To find independent term, put 0 =10-2r ..2r = 10
andr =5

Using the value of r=5 in equation (1), we get the independent term as

tg,,=10cs.(-1)°x*071°

=10c;.(-1)x°

—10c,= 109876 _ o,
1.2.3.4.5

=-252
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2.Expand (3-4x)'3 using Binomial theorem

Solution:

(3-4x)° = 373 [1— % .XF

2 3
%{1 P EANG N~ N ]

3 1.2 3 1.2.3 3
2
1 1+4x+6(16x )+10 AN
27 9 27
L liax+32,2,. 84005
27 27

2.3 PARTIAL FRACTIONS

Definition of Polynomial Fraction:

An expression of the form %Where p(x) and q(x) # o are
g(x

polynomials in x is called a polynomial fraction.

5x —2 3x2+2x -1
X2 +3x+2 X24+x-22

rational or polynomial fraction.

The expressions are examples for

Proper Fraction; A proper fraction is one in which the degree of
the numerator is less than degree of the denominator.

3x+1 7x% +9

2

The expressions s 3
X“+4x+3 X +x°-5

are examples for

proper fraction.
Improper fraction:

An improper fraction is a fraction in which the degree of the
numerator is greater than or equal to the degree of the denominator
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x2+5x2+4 x2-x+1

X2 +2x+3  xX2+x+3

The expressions are examples for improper

fractions.
Partial Fraction
3

and —
X+ 2 X+1

Consider the sum of

We simplify it as follows:

5 N 3 5(x+1)+3(x+2) 5x+5+3x+6
X+2 x+1 (x+2)(x+1 (x+2)(x+1

_ 8x+11
(X+2)(x+1
Conversely the process of writing the given fraction
8x+11 5
as +
(x+2)(x+1) x+2 x+1
or expressing as partial fraction.

is known as splitting into partial fractions

A given proper fraction can be expressed as the sum of other
simple fractions corresponding to the factors of the denominator of the
given proper fraction. This process is called splitting into Partial

. . . X). . :
Fraction. If the given fraction %5 improper then convert into a sum
q(x

of a polynomial expression and a proper rational fraction by dividing
p(x) by q(x).
Working rule:

Given the proper fraction % Factorise q(x) into prime factors.
g(x

Type 1l
To resolve proper fraction into partial fraction with denominator
containing non-repeated linear factors.

If ax+tb is a linear factor of the denominator q(x), then

corresponding to this factor associate a simple factor

A , Where A
b

is a constant (A=0) ie., when the factors of the denominator of the
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given fraction are all linear factors none of which is repeated, we write
the partial fraction as follows.
X+2 _ A N
(x+2)(2x-1) x+2 2x-1
determined.

where A and B are constants to be

Type 2. Repeated linear factors

If a linear factor axtb occurs n times as factors of the
denominator of the given fraction, then corresponding to these factors
associate the sum of n simple fractions,

Al A2 A3 An
+ >+ T e —_—
ax+b (ax+b)* (ax+b) (ax +Db)
Where A1, A2, A3,................ An are constants.

Type 3 Irreducible non repeated quadratic factors
If a quadratic factor ax*+bx+c which is not factorable into linear
factors occurs only once as a factor of the denominator of the gives

Ax +B

fraction, then corresponding to this factor —————— where A and B
ax“+bx+c

are constants which are not both zeros.

3x

Consider ——————
(X=D(x*+1)
We can write this proper fraction in the form

3x A Bx+C
2 = T3
x-D)(x“+1) x-1 x“+1

The first factor of the denominator (x-1) is of first degree, so we
assume its numerator as a constant A. The second factor of the
denominator x*+1 is of 2" degree and which is not reducible into
linear factors. We assume its numerator as a general first-degree
expression Bx+c.
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2.3 WORKED EXAMPLES
PART - A

1.Split up X+2 into partial fraction without finding the constant
X(X +3)
Solution:
Xx+2 A B

=—+
X(Xx+3) x x+3
2.Without finding the constants split 2)(;4
(X =4)(x+12
Solution:
X+4 X+4 A B

(ﬁ—4xx+n=u+2xx—au+n=x+2+x—2+x+1

where A, B

and C and are constants.

3.Split Zx;lwithout finding the constants
X —-5x+6

Solution:
X+1 X+1 A

> = = + where A and B are
X -5x+6 (X-3)(x-2) x-3 x-2

constants

4.Without finding the constants split into partial fraction.

(X +2)(x - 2)2

Solution:
5 A B C
2- + + 2
(x+D)(x-2)" X+1 Xx-2 (x-2)

5.Split into partial fraction without finding the constants.

(x-1)(x% +1)
Solution:

4x _ A Bx+C

(x-D(x%+1) x-1 x2+1

where A, B and C are constants.
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PART - B

X+3 . . .
1. Resolve —————into a partial fraction

(x+5)(2x+1)
Solution:

X+3 _ A N B
(x+5)(2x+1) x+5 2x+1

- X+3 _A(2x+1) +B(x +5)
(X+5)(2x+1)  (x+5)(2x+1)

=X+3=A(2x+D)+B(x+5) 1)
Equating the co-efficient of the like powers of x,
We get,

Co-efficients of x : 1 =2A +B (2)
Constantterm: 3=A+5B (3)
Solving (2) and (3) we get

A:Sand Bzg

2 5

. X+3 -9 ., 9
T(x+5)2x+1) x+5 2x+1

Note: The constants A and B can also be found by successively
giving suitable values of x.

2.Resolve x——22 into a partial fraction.
(xX+2)(x-1
Solution:
Let X—2 A B C

X1 2)(X-17 x+2 x-1" (x-17
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x-2  AXX-D?+B(x+2)(x-1)+C(x +2)

= =
(X +2)(x—1)° (x+2)(x-1)°
=x-2=A(x-1)2 +B(x + 2)(x —1) + C(X + 2) )
To find C, putx=1in (1)
1-2=A(1-1)° +B1+2)1-1) + C(1+2)
-1=0+3BX0+3C
C=-1/3
To find A put x=-2in (1)
—2-2=A(-2-1? +B(-2+2)(-2-1)+C(-2+2)
—4=A(-3)>+0+0
—4=9A

A=——"
9

To find B, equating co-efficient of x* on both sides,

0=A+B
0-—%.8

9
B=2

9

-4 4 A
L X-2 _ 9 ., 9 __3
(X+2)(x-1)% X+2 x-2 (x+1)7
3.Resolve : Linto a partial fraction

(x+1)(x% +1)
Solution:

2x+1 A +BX+C
(x+D)(x?+1) x+1 x2+1
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(2x+1) A +D+(Bx+C)(x+1)
(X +1)(x% +1) (x+1)(x% +1)

=2x+1=A(X*> +1)+(Bx+C)(x+1) (1)
To Find A, putx=-1in (1)
-2+1=A[1+1+(-B+ C)(0)
-1=2A
A=-1/2
Tofind C, putx=0in (1)
2x0 +1=A(0? +1)+(Bx0 + C)(0 +1)
1=A+C
1=-1/2+C

Ce141/2-2%1_3

To find B, put x=1in (1)

2x1+1=A(1% + 1)+ (Bx1+c)(1+1)
2+1=A(2)HB+C).2

3=2A+2B+2C
3:2—1 +ZB+2E
2 2
3=-1+2B+3
3=2+2B
2B=3-2=1
-1
2
1 1 3 1 3 1
e S €
L 2X+1 2 2" 2.2 2 2
x+D(x*+1) x+1 x?+1 xZ+1 X+
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EXERCISE

PART — A
1.State Binomial theorem for positive integral index
2.Expand [2x+3y]® using binomial theorem.
3.Expand [a-2b]5 using binomial theorem.
4.Expand (3x-2y)® using binomial theorem.

5.Expand [5x-y]* using binomial theorem

9
. : . 2
6.Find the general term in the expansion of | x> ——j
X
10
12

7.Find the general term in the expansion of (x )
8.Find the general term in the expansion of (

1
X
3
X+—
X

8
9.Find the general term in the expansion of(x2 +i2)
X

11
10. Find the general term in the expansion of (4x3 +i2j
X

11. Expand (1-2x)® using binomial theorem.
12. Write the first 3 terms of (1+x)
13. Write the first three terms of (1-2x)'3

14. Expand (1+ x)_% upto 3 terms
15. Expand (1-x2)'2 binomially
16. Write the first 3 terms of (1-4x)™

x-1 . . . . -
) into partial fraction without finding the constants.

17. Split
X(X =
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18. Split ()(2;21 into partial fraction without finding the constants.
X

19. Split 2)(—_]'2 into partial fraction without finding the

X+D(x+2)
constants.

2_

20. Split into partial fraction without finding the

(x+2)(x% +1)
constants.

PART - B

12
1.Find the middle term in the expansion of (X—Ej
X

10
2.Find the middle term in the expansion of [5x —312)
X

30
3.Find the 16" term in the expansion of [x—ij
X

11
4.Find the 5" term in the expansion of (sz _E)
X

¢

15
6.Find the middle terms in the expansion of (ZX ——j

5.Find the middle terms in the expansion of (x +

X |~

X | W

2

11
7.Find the middle terms in the expansion of (Afx3 +ij
X

7
8.Find the co-efficient of X in the expansion of (x —512)
X
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9.Find the co-efficient of x*' in the expansion of (

x4 - =

3 le
X3

17
10. Find the co-efficient of x'* in the expansion of (x +£2)

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

Find the term independent of x in the expansion of | 2x2 +

Find the term independent of x in the expansion of

X+

Find the term independent of x in the expansion of Jx

[
[
[

8
Find the constant term in the expansion of (Zx +1)
X

Using binomial theorem, find the value of 99°

Resolve

Resolve

Resolve

Resolve

Resolve

Resolve

6 —5X + X

X2 +x+1

-1 . . .
> into a partial fraction

_
(x+1(x+2)

into a partial fraction

(X=D(x-2)(x-3)

(x —1)(x + 2)?
(X + 2)(x - 3)?

(X —2)%(x +3)

into a partial fraction

into a partial fraction.

into a partial fraction.

into a partial fraction.
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X2 —6X + 2

22. Resolve ——————into a partial fraction.
X (X +2)

2 . . .
23. Resolve Lzlnto a partial fraction.
(x+D(x*+1)

1 : . .
24. Resolve ———————-into a partial fraction.
(X+D(x+2)

ANSWERS
PART - A

1.Refer statement
2.(2x)® + 3c,.(2x)2.(3y) + 3c,.(2x)%.(3y)? + 3¢5 (2x)° (3y)?

a® +5c,.(a)*.(-2b*) + 5¢,.a>.(-2b)? + 5¢5.a%(—2b)?

3.
+5c,.a(-2b)* +5¢5.(-2b)°
4.(3x)% +3c..(3%)%(=2y) + 3¢,.(3x)(=2y)? + (-2y)*

5.(5x)* +4c,.(5x)3.(=y)* + 4c,.(5%)2.(=y)? + 4c5.(5x) . (=y)® + 4c, (-y)*
6.T.,;=9c,.(-2)" x!8~3

7.T.,,=10c,.x*0"%" (-1)
8.T,,1=12¢,.(2)' X127

9 8¢, x*¥

10 T,,;=11c,.4M "1 X33

2y ( (3)(B-D .2
11 1+(-3).(-2x)+ ™ (=2X) + e,

12 1+ (-3)x LA e
1.2



_ _ _ - _ 2
13 (1-2x)8 =14+ 320 (BB -DE7
1 1.2
E)
14 1+(—x)+ F oo,
3 1.2
_ _y2
15 14+ 52 (22 1)(x) Forrererene e
1 1.2
16 1-2080 A2 gy
1 1.2
17 A+i
X x-1
18 A.{_i_{_i
X x-1 x+1
19 A B C
X+1 X+2  (x+2)
20 A +BX+C
X+2 x?+1
PART - B
1. 28.12¢,
7} 1Oc5(10J
3x
3. _30015
4. 11c,.2".3*x*
5. 27Cy3.X; 27C14
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10.
11.
12.

13.

14.

15.

16.

17.

18.

19.

20.

. 28(-3)"15¢,xand 2'.3%.15¢;.

. 11c54%x8;11c,4°.x3

567
125

-15¢,.2%.3"
544

16.12cq
10c;4

4
—.10c
9 2

2*8c,
9, 70, 299
20 13

X—-2 X-3
3 13
2

LD, 2
X-1 X-2 x-3

1 1

X+1 X+2
1 1
9 s H

Xx-1 x+2 (x+2)?

- - 1
25 _ 50 ,_ 5
X+2 x-3 (x-3)°

1
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21.

22. —=—

23.

24.

-2 2 3

25 , 25 , 5

X+3 x-2 (x-2)?

1 1 1

X+1 X+2 (x+2)?
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3.1

3.2

3.3

UNIT -1l

STRAIGHT LINES

Length of perpendicular distance from a point to the line and
perpendicular distance between parallel lines. Simple problems.

Angle between two straight lines and condition for parallel and
perpendicular lines. Simple problems

Pair of straight lines Through origin

Pair of lines passing through the origin ax*+2hxy+by’=0
expressed in the form (y-m;x)(y-mx) =0. Derivation of

2yh? —ab
a+b
lines. Simple problems.

tanf =+ condition for parallel and perpendicular

Pair of straight lines not through origin
Condition for general equation of the second degree
ax®+2hxy+by?*+2gx+2fy+c=0 to represent pair of lines.

a hg

h b f| =0 (Statement only)

gfc

Angle between them, condition for parallel and perpendicular
lines simple problems.

STRAIGHT LINES
Introduction

Analytical Geometry is a branch of Mathematics which deals with

solutions of geometrical problems by Algebraic methods. It was
developed by the famous French mathematician called Rune
Descartes.
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Il |
(_1 +) (+7 +)
X < o) > X
1} \Y)
(-v -) (+! -)
y'

Axes of co-ordinates:

Take two straight lines XOX' and YOY’ at right angles to each
other. The horizontal line XOX’ is called the X — axis and the vertical
line YOY' is called the Y-axis. These two axes intersect at O, called
the origin.

Cartesian — Rectangular Co-ordinates:

Diagram

y

F 3
T P(x, y)
y

X< l » X
O M
“«— X —»
(+)
v
yl
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Let XOX' and YOY’ be the axes of co-ordinates. Let P be any
point in the plane. Draw PM perpendicular to OX. Then the position of
P is uniquely determined by the distances OM and MP. These
distances OM and MP are called the Cartesian rectangular co-
ordinates of the point P with respect to X-axis and Y—axis respectively.

It is to be noted that the ‘X’ co-ordinate must be in first place and
the Y’ co-ordinate must be in the second place. This order must be
strictly followed.

Straight Line:

When a variable point moves in accordance with a geometrical
law, the point will trace some curve. This curve is known as the locus
of the variable point.

If a relation in x and y represent a curve then

(i) The co-ordinates of every point on the curve will satisfy the
relation.

(i)  Any point whose co-ordinates satisfy the relation will lie on the
curve.

Straight line is a locus of a point.

Diagram

"N

>g!

X7 /A 0

\ A%
Let the line AB cut the X-axis at A and y-axis at B. The angle
made by the line AB with the positive direction of the x-axis is called
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the angle of inclination of the line AB with the x-axis and it is denoted
by 6 . Hence £XAB=6.The angle can take any values from 0° to 180°.

Slope or gradient of a straight line:

The tangent of the angle of inclination of the straight line is called
slope or gradient of the line. If 6 is the angle of inclination then
slope = tan 6 and is denoted by m.
Example:

If a line makes an angle of 45° with the X-axis in the positive
direction then the slope of the line is tan45°.

iem=tan45° =1

In school studies students have learnt, the distance between two
points section formula, mid point of the line joining two points, various
form of equation of the straight line, point of intersection of two lines,
etc., in analytical Geometry.

Standard forms of the equation of a straight line.
(i) Slope —intercept form:

When ‘c’ is the y intercept and slope is ‘m’, the equation of the
straight line is y=mx+c

(i) Slope — point form:

When ‘m’ is the slope of the straight line and (x;,y;) is a point on
the straight line its equation is y-y; = m(x-Xy)

(i) Two — point form:
Equation of the line joining the two points (X1,y1) and (X,Y>) is

Y=Y _ X=X
Yi—Y2 Xp—X;
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(iv) Intercept form:

When the x and y intercepts of a straight line are given as ‘a’ and
‘b’ respectively, the equation of the straight line is

ie., 5+X:1

a b
(v). General form:

The general form of the equation of a straight line is ax+by+c = 0.
If ax+by+c=0 is the equation of a straight line then

B coefficient of x a

Slopem = -————— =——
coefficient of y b
. constantterm c
X -intercept= - —————— =——
coefficient of x a
. constantterm c
y -intercept= - ————— =——

coefficientof y b
Some Important Formulae:
(i) The length of the perpendicular from (x,,y,) to the line
ax+by+c=0is
Laxgt by, +c¢
a2 +p?
(i) The length of the perpendicular from origin to the line
ax+by+c=0is
c

va? +b?

(i) The distance between the parallel lines ax + by + ¢; = 0 and

+

ax+by+c,=0is

4+ C17Co

Va2 +p?
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ANGLE BETWEEN TWO STRAIGHT LINES
Book Work:

Find the angle between the lines y = m;x+c; and y = myx+c,.
Deduce the conditions for the lines to be (i) parallel (ii)
perpendicular

X'

<
<

Proof:

Let 6, be the angle of inclination of the line y = m;x + ¢, Slope of
this line is m; = tanB, Let ‘@', be the angle of inclination of the line

Yy =myX + ¢,. Slope of this line is m, = tan6,.
Let ‘0’ be the angle between the two lines, then 6, = 6, + 6=6=0,-0,
~tan 6 =tan (0,-0,)

_ tan6, —tano,

 1+tan6; tane,
tan 0 = My =my
1+mym,
— fg=tant my =My
1+mm,
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(i) Condition for two lines to be parallel:
If the two lines are parallel then the angle between the two lines
is zero

~tan6=tan0=0

(ie) M:O
1+mym,
m;—m, =0

.'.ml:mz
.. For parallel lines, slopes are equal.

(i) Condition for two lines to be perpendicular:
If the two lines are perpendicular then the angle between them

6 =90°

.~.tane:tan90°:oo:£

0

mg-m, 1

1+mym, )
1+mm, =0
mm, =-1

.. For perpendicular lines, product of the slopes will be -1

Note :
1) The acute angle between the lines

m,—m,

Y=mx+c; and y=m,Xx+cC, is tanf =
! ! 2 2 1+mym,

2) If the slope of a line is ‘m’ then the slope of parallel line is also m.

3) If the slope of a line is m then the slope of any line perpendicular

L. 1
to the line is — —
m
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4) Any line parallel to the line ax+by+c = 0 will be of the form
ax+by+d = 0 (differ only constant term)

5) Any line perpendicular the line ax+by+c =0 will be of the form bx-
ay+d=0

3.1 WORKED EXAMPLES
PART — A

1) Find the perpendicular distance from the point (2,3) to the
straight line 2x+y+3=0

Solution:

The length of the perpendicular from the point (x1,y;) to the line
ax+by+c = is

ax, +by; +c
Va? +b?
Give straight line is 2x+y+3 =0

Given point (x1,y1) = (2,3)

. 22)+(3)+3 10
(i.,e) ——=—— = —
(2 + @2 V5
2) Find the length of the perpendicular to the line 4x+6y+7 = 0 from
the origin
Solution:

The length of the perpendicular is __c
va? +b?
Here a =4, b=6, c =7

7 7 7

(I.e.) \/(4)2+(6)2 = \/16+36 = \/5_2
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3) Find the distance between the line 2x+3y+4 = 0 and 2x+3y -1 =0
Solution:
le1—c,|

Va? +b?

The distance between the parallel lines is

Herec,=4andc, =-1

4+1
Now ———————
(2)? +(-3)

4) Find the angle between the lines y = J3x and x-y=0
Solution:
y = 3x
(i.e) V3x-y=0 (1) and x-y=0 )

coefficientof x
coefficientof y

-2 5

tan 6, = \/53 06, =60°
coefficientof x
coefficientof y

Slope of (1) = -

slope of (2) = -

1
tano, :——1:1

0, = 45°
Let 6 be the angle between (1) and (2)
0= 0,-0,
0 = 60° - 45° = 15°
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5) Show that the lines 6x+y-11 =0 and 12x+2y+14 =0 are parallel

Solution:
6x+y-11 =0 (1)
12x+2y+14 =0 )
Slope of the line (1) = my =— 2= -8~ ¢
b 1
Slope of the line (2) =m, = - a_ 12 -6
b 2
mi; =m;

~. The lines are parallel.
6) Find ‘p’ such that the lines 7x-4y+13 = 0 and px = 4y+6 are

parallel.
Solution:
7x-4y+13=0 (1)
px-4y-6 =0 2)
. -a -7 7
Slope of the line (1) m; = = —_
p (1) my b —4 2
; —-a_-p_p
Slope of the line(2) my = —=——==
p (2) m; b —4 4

Since (1) and (2) are parallel lines
mi=m,

’_p

4 4
4p =28
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7) Show that
perpendicular.

the lines 2x+3y-7 =0

Solution:

2x+3y-7=0
3x-2y+4 =0

Slope of the line (1) =m, = _?2

Slope of the line (2) =m, = ‘_32’:%

Now m;m, = [_?Zj[%}— 1

S mlmz =- 1

.. The lines (1) and (2) are perpendicular

and 3x-2y+4=0 are

1)
)

8) Find the value of m if the lines 2x+my=4 and x+5y-6=0 are

perpendicular

Solution:
2x+my-4=0
X+5y-6 =0

Slope of the line (1) = m, = -=
m

Slope of the line (2) = m, = %

Since the liner are perpendicular
m m,=-1
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PART - B
1) Find the angle between the lines 3x+6y=8 and 2x = -y+5
Solution:
3x+6y-8 =0 Q)
Slope of the line (1) =m, = —2="3-=1
b 6 2
2x+y-5=0 ()
. -a -2
Slope of the line (2) =m, :F:T:_ 2
Let ‘0’ be the angle between two lines

my—Mmy
1+mym,

tan 6 =

. 6=tan™ (0.75)
= 0 =36°52

2) Find the equation of the straight line passing through (-1, 4) and
parallel to x+2y =3.

Solution:
Let the equation of line parallel to x+2y-3 =0 (1)
is x+2y+k =0 2

Equation (2) passes through (-1,4)
put x=-1, y =4 in equation (2)

(-1) +2(4) +k =0

-1+8+k=0

k=-7

. Required lineisx +2y —7=0
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3) Find the equation to the line through the point (3,-3) and
perpendicular to 4x-3y-10 =0

Solution:
Required straight line is perpendicular to 4x-3y-10 =0 (1)
and passing through (3,-3).
.. Required equation of the straight line is
3x—-4y+k=0 (2)
Required line passes through (3,-3)
Put x = 3, y=-3 in equation (2)
-3(3)-4(-3)+k=0
-9+12+k =0
3+k=0
k=-3
Sub in equation (2)
-3x—4y-3=0
.. Required equation of straight line is
Xx+4y+3=0

3.2 PAIR OF STRAIGHT LINES THROUGH ORIGIN
Any line passing through the origin is of the form ax+by =0
Let a;x +b;y =0 Q)
and a,x + b,y =0 (2)
be the two lines passing through the origin.
The combined equation of (1) and (2) is
(a1x+byy) (axx+boy) =0

a; ax’ + (arbz+azb)xy + b1b2y2 =0 ©))
Taking a;a, = a, a;b,+a,b; = 2h, and b;b, = b
We get

ax® + 2hxy +by* = 0 4)
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which is a homogenous equation of second degree in x and y. It
represents a pair of straight lines passing through the origin.

Let m; and m, are the slopes of the lines given by (4). Then the
separate equations are

y=myx and y = myX

(ie)y-mx=0 (5)
y-myx=0 (6)
(y -max) (y -mzx) =0
yz — (my+my) xy + mimyx° =0

(i.e.) mimyx® — (my+my)xy +y* = 0 @)

Equation (4) and (7) represent the same part of straight lines.
Hence the ratios of the corresponding co-efficient of like terms are
proportional.

mm, —(m;+my) 1

8
a 2h b ®
The relation (8) gives

m;+m; = _TZh 9)

i.e., Sum of the slopes = _TZh
a
and mym, = b

i.e., product of the slopes =

oo

BOOK WORK :

Find the angle between the pair of straight lines
ax® + 2hxy + by? =0 passing through origin. Also derive the conditions
for the two separate lines to be (i) perpendicular (ii) coincident (or
parallel).
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Proof:

We know angle between two straight lines is given by

my—My
1+mym,

tan 6 =

AN

O

v

A

\/(m1 +m,)? —4mm,
1+mm,

AT

1+E

b
2
ah”_,a
b2 b
+b
b

tan6==

=t ==

a

4h? - 4ab
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h? —ab
a+b

2 —
(i.e) 6= tan‘lli Zu]
a+b

tan 6= +2

is the angle between the pair of straight lines.
(i) Condition for the two straight lines to be perpendicular
If the two lines are perpendicular, then 6 = 90°

- tan 6 =tan 90°

2
1o he —ab =m=1
0

a+b
~atb=0
(i.e.) coefficient of x* + coefficient of y* = 0
(iv) Condition for the two straight lines to be coincident
If the two straight lines are coincident
then 6=0

s tan6=tan 0

2
sp¥N78b
a+b

(i.e)h’*-ab=0
(i.e)h’=ab
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3.2 WORKED EXAMPLES
PART - A

1) Write down the combined equation of the pair of lines x-2y =0 and
3x+2y =0

Solution:
The combined equation is (x-2y) (3x+2y) =0
(i.e.) 3x* + 2xy — 6xy —4y* = 0
(i.e) 3% — 4xy — 4y2 =0

2) Write down the separate equations of the pair of lines
12x° + 7xy — 10y* = 0

Solution:
12x% + 7xy — 10y* = 0
12x% + 15xy — 8xy- 10y* = 0
12x* - 8xy + 15xy- 10y* = 0
4x (3x-2y) + 5y (3x-2y) =0
(3x-2y) (4x+5y) =0
.. The separate equations are 3x-2y = 0 and 4x+5y =0

3) Show that the two lines represented by 4x* + 4xy +y* = 0 are
parallel to each other.

Solution:
4x° + 4xy +y* = 0 Q)
This is of the form ax® + 2hxy + by’ = 0
Here a =4, 2h =4, h=2, b=1
If the lines are parallel then h*-ab=0
h? —ab = 22 - (4)(1)
=4-4=0

.. pair of lines are parallel

85



4) Find the value of ‘p’ if the pair of lines 4x* + pxy + 9y* = 0 are
parallel to each other.

Solution:
4% + pxy + 9y2 =0
This is of the form ax2+2hxy +by2:O

Herea:4,2h:p,h:%,b:9

If the lines are parallel

h? — ab =0
IO
2
P _36-0
4
p’ =144
Tp= 112
5) Prove that the lines represented by 7x*-48xy-7y* = 0 are
perpendicular to each other.
Solution:
7% — 48xy — 7y2 =0
This is of the form ax2+2hxy+by2:0
Here a =7, 2h=-48, h=-24, b=-7
If the lines are perpendicular a+b=0
(i.e)7-7=0
6) If the two straight lines represented by the equation
px’-5xy+7y* = 0 are perpendicular to each other, find the value of
p.
px2+48xy+7y2 =0
Solution:
pxX’+48xy+7y’ = 0
This is of the form ax’*+2hxy+by’=0
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Here a=p, b =7
If the lines are perpendicular
a+b=0
(i.,e)pt7=0
p=-7

PART - B

1) Find the separate equations of the line 2x* — 7xy + 3y* = 0. Also
find the angle between them.

Solution:
2x% —7xy+3y?=0
This is of the form ax® + 2hxy + by? =0
(a=2, 2h = -7, h=-7/2, b=3)
2x2 —6xy — Xy +3y? =0
2X(x —3y)-y(x—3y)=0
(x-3y)(2x-y)=0
. The separate equations are
x-3y=0and 2x-y=0
Let 6 be the angle between the two straight lines

24/h? —ab

a+b

2y(-7/2f -(2)@3)
2+3

s tan6 =+

=t

g
ya
5

=t2
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5
tan6=11
tan 6 =tan 45, .. 6 =45°
2) The slope of one of the lines ax? + 2hxy + by? =0 is thrice that of
the other. Show that 3h? =4ab
Solution:
ax? + 2hxy +by? =0 (1)

Let y=mx and y=m,X be the separate equations of equation (1)

-2h
My +m, =—— 2)

a
mm; = b 3

Slope of one of the line = thrice slope of the other line
(i.,e) m; =3m,

Equation (2) becomes

2h
3m, +m, =——
2 2 b
-2h
am, =
2" b
-2h -h
m2:—:—
4 2b
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Substitute m;=3m, in equation (3)

a
3m,.m, :E
a
3m 2:_
fom, f = 2
3 -h i _a
2b b
o 2
4p% ) b
3 _a
4b% b
3h,b = 4ab,
(ie)3h? = 4ab

3.3 PAIR OF STRAIGHT LINES NOT PASSING THROUGH THE ORIGIN

Consider the second degree equation

(IX+my+n)(I'x+m'y+n')=0 (1)

If (X5,y,)lieson Ix+my+n=0 (2)
thenlx, + my,; +n=0. Hence (x,,y;) satisfies equation (1).
Similarly any point on I'x+ m'y +n'=0 3)
also satisfies (1)
conversely, any point which satisfies (1) must be on any of the
straight lines (2) and (3). Thus (IX+my+n)('x+m'y+n')=0
represent a pair of lines.

Expanding equation (1) we get

I1'x? +Im'xy+|xn'+|'mxy+mm'y2 +mn'y+I'xn+nm'y+nn'=0

I'x? + xy(Im+'m)+mm'y? + (In+I'n)x + (mMn'+m'n)y + nn'= 0
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Taking a=II 2h=Im'+I'm, b=mm'
2g=In'+1In 2f=mn'+m'n c=nn'
We get ax? + 2hxy +by? + 2gx + 2fy +c =0

Condition for the second degree equation ax2+2hxy+by2+
2hx+2fy+c to represent a pair of straight lines is
abc+2fgh-af*-bg*-ch?

(or)
ahg 2a 2h 2g
h b fl=0 or 2h 2b 2f|=0
gfec 2g 2f 2c

1) Angle between pair of lines ax? + 2hxy +by? + 2gx + 2fy +c =0 is

vh? —ab

a+b

tan6 = £2

2) The condition for the pair of lines to be parallel is h> —ab=0

3) The condition for the pair of lines to be perpendicular is a + b=0.

3.3 WORKED EXAMPLES
PART - A

1) Find the combined equation of the lines whose separate
equations are 2x -3y +2=0and 4x+y+3=0

Solution:
The two separate lines are 2x-3y+2=0 and 4x+y+3=0

The combined equation of the given line is
(2x-3y+2)(4x+y+3) =0

8x2 + 2xy + 6X —12xy —3y? —9y + 8x + 2y + 6=0
(i.e.) 8x*—10xy-3y? +14x-7y+6 =0
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2)  Show that the pair of lines given by 9x? + 24xy +16y? + 21x
+28y +6 = 0 are parallel.
Solution:
This is of the form ax? + 2hxy + by? + 2gx + 2fy +¢ = 0
Herea =29, 2h =24, b=16
h=12
If the lines are parallel h* —ab=0
(ie) (12)? -(9)(16) =0
~144 -144=0
Hence the lines are parallel.
3) Show that the pair of lines given by 6x? +3xy — 6y? —8x
+5y —3=0 are perpendicular
Solution:
This is of the form ax? + 2hxy + hy? + 2gx + 2fy + ¢ =0

Herea=6 b=-6
If the lines are perpendicular
ath=0
(i.e)6+(-6)=0

Hence the pair of lines are perpendicular.

PART - B
1) Prove that equation 6x2+13xy+6y? +8x+7y+2=0 represents
a pair of straight lines.

Solution:

Given equation

6x2 +13xy +6y? +8x+7y+2=0 1)
(i.e.) This is of the form

ax? + 2hxy +by? + 2gx + 2fy +1=0
Hence a=6 b=6 c=2

2h=13, 2g=8, 2f=7
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If the equation (1) represents a pair of straight lies then
2a 2h 2g

2h 2b 2f|=0
2g 2f 2c

12 13 8
LHS= (13 12 7
8 7 4
12(48 - 49)-13(52 -56)+8(91-96)
= -12+52-40
0 =RHS
Hence the given equation represents a pair of straight lines.

2) Show that the equation 3x%+7xy+2y?+5x+5y+2=0
represents a pair of straight lines. Also find the separate equation
of the lines.

Solution:

Given 3x2 +7xy+2y? +5x+5y+2=0
This is of the form ax? + 2hxy + by? + 2gx + 2fy +¢ = 0
a=3 b=2 c=2
2h=7 29=5 2f=5
If the equation (1) represents a pair of straight lies then

2a 2h 2g
2h 2b 2f|=0
2g 2f 2c

6 75

LHS= |7 4 5
55 4

= 6(16 - 25)-7(28 - 25)+5(35 - 20)
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=-54-21+75
=0=RHS

.. The given equation represents a pair of straight lines.
Next we find separate lines.

Factorise the second degree terms

Let 3x2+7xy+2y? = 3x? +6xy + Xy + 2y
= 3X(X+2y) + y(x + 2y)
=(x+2y)(3x+Y)

o 3X2 47Xy + 2y +5x+ 5y +2=(3x +y +)(x + 2y +m) (say)
Equating the coefficient of x, I+3m=5 (2)
Equating the coefficient of y, 21+m=5 3)
Solving (2) and (3)
21+6m =10
2l+m =5
5m=5
m=1
Subin (2),
l+3(1)=5
=2
.. The separate equation are 3x+y+2 =0 and x+2y+1=0

3) Find Kk if 2x>-7xy+3y*+5x-5y+k = O represents a pair of straight
lines. Find the angle between them.

Solution :

2x% —7xy +3y? + 5x -5y + k=0
This is of the form ax? + 2hxy +by? + 2gx + 2fy +c = 0
Hence a=2 b=3 c=k

2h=-7 2g=5 2f=-5
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Since the given equation represents a pair of straight lines
2a 2h 2g

2h 2b 2f|=0

2g 2f 2c

4 -7 5
-7 6 -=5[=0
5 -5 2k
4(12k - 25)+ 7(~ 14k + 25)+5(35-30)=0
48k —100-98k +175+25=0
-50k +100 =0
-50k =- 100
K= 2
It ‘0’ is the angle between the given lines then

h? —ab
a+b

2
[‘7j ~2@)

2+3

tan® = £2

=12

tan 6 =1
tan 6 =tan 45

S0=—
4
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4) Show that the pair straight lines 4x? +4xy+y? -6x-3y—-4=0

represents a pair of parallel straight lines and find the distance
between them.

Solution:
Given: 4x% +4xy+y? -6x-3y—-4=0 1)

This is of the form ax? + 2hxy +by? + 2gx + 2fy +c =0

Here a=4 2h=4 h=2
b=1 290=-6 g=-3
2f=-3 f=-3/2 c=-4

If the lines are parallel h> —ab =0
(ie) )" (4) (1) =0
4-4=0
.. The given equation (1) represents a pair of parallel straight lines.

To find the separate lines of (1)

Factorise 4x? + 4xy + 42

AX? +2Xy+ 2Xy + Y2 = 2X(2X + Y) + Y(2X +Y)
=(2X+y)(2x +Y)
=(2x+y)?

4x2 +4xy+y? —6x-3y-4=0

(2x+y)? —3(2x +y)-4=0

Letz= 2x+Yy, then

(i.e) z2-3z-4=0

(z+1)(z-4)=0
z+1=0 and z-4=0

(i,e.) 2x+y+1=0and 2x +y—4=0 are the separate equations

Distance between parallel lines

2x+y—-4=0 and 2x+y+1=0is
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le1 = ¢y

va? +b?

-4 -1 _5 _
2F +@p 5 v

EXERCISE
PART - A

1) Find the perpendicular distance from the point (3,-3) to the line
2X+4y+2=0

2) Find the perpendicular distance from the point (2,6) to the line
X-4y+6=0

3) Find the length of the perpendicular to the line x-6y+5 = 0 from the
origin.

4) Find the distance between the line 3x+3y+4=0 and 3x+3y-2 =0

5) Find the distance between the line x+2y-19=0 and x+2y-31 =0

6) Show that the lines 3x+2y-5=0 and 6x+4y-8 = 0 are parallel.

7) Show that the lines 2x-6y+6 = 0 and 4x-12y+7 = 0 are parallel.

8) Find the value of 'k’ if the lines 7x-2y+13 = 0 and kx=3y+8 are
parallel.

9) Find the value of ‘p’ if the lines 5x+3y = 6 and 3x+py = 7 are
parallel.

10) Show that the lines 4x-3y=0 and 3x+4y+8 = 0 are perpendicular.

11) Show that the lines 4x-2y+6 = 0 and 2x+4y-4=0 are
perpendicular

12) Find the value of ‘p’ if the lines 3x-py-4=0 and 2x+3y=7 are
perpendicular.

13) Find the value of ‘p’ if the lines 2x-py+6=0 and 3x-2y+8 = 0 are
perpendicular.
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14)

15)

16)

17)

18)

19)

20)

21)

22)

23)

24)

Find the slope of the line parallel to the line joining the points
(3,4) and (-4,6)

Find the slope of the line perpendicular to the line joining the
points (3,1) and (-4,3)

Show that the line joining the points (3,-5) and (-5,-4) is parallel
to the line joining (7,10) and (15,9)

Show that the line joining the points (2,-2) and (3,0) is
perpendicular to the line joining (2,2) and (4,1).

Find the equation of the line passing through (2,4) and parallel to
the line x+3y+7=0

Find the equation of the line passing through (-2,5) and
perpendicular to 5x-3y+8 = 0

Write down the combined equation of the lines whose separate
equation are

(i) 4x+2y=0and2x-y=0

(i) 3x+2y=0and2x-y=0
(i) x+2y=0and 3x + 2y =0
(ivy x+2y=0and 2x-y =0

Find the separate equation of each of the straight liens
represents by

(i) 9x°—16y*=0

(i) 2x° — 5xy+2y* = 0
(iii) 6X°+xy-y*=0

(iv) 15x°+17xy+2y*=0

Show that the two lines represented by 9x* + 6xy+y’ = 0 are
parallel to each other.

Show that the equation 4x* — 12xy+9y” = O represents a pair of
parallel straight lines.

Find the values of p if the two straight lines represented by
20x%+pxy +5y° = 0 are parallel to each other.
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25)

26)

27)

28)

29)

30)

1)

2)
3)

4)

5)

6)

Show that the pair of straight lines given by 2x*-3xy-2y*=0 is
perpendicular.

Find the value of ‘p’ so that the two straight lines represented by
px*+6xy-y* = 0 are perpendicular to each other.

Write down the combined equation of the lines whose separate
equations are

(i) x+2y =0 and 2x-y+1=0
(i) x+2y=10 and 2x-y-3=0
(iii) x+2y-1=0 and 3x+2y+3=0

Show that the equation 4x*+4xy+y*-6x-3y-4 =0 represents two
parallel lines.

Show that the equation x2+6xy+9y2+4x+12y-5 = 0 represents two
parallel straight lines

Show that the equation 2x°-3xy-2y*+2x+y = 0 represents a
perpendicular pair of straight lines

PART - B
Show that the following equation represents a pair of straight line
(i) 9X-6xy+y*+18x-6y+8 = 0
(ii) 9%® + 24xy+16y*+21x+28y+6 = 0
(iii) 4%° + 4xy+y” — 6x-3y-4 = 0
Find the angle between the pair of straight lines

Find the angle between the pair of lines given by 6x°-13xy+5y*=
0. Find also the separate equations.

Find the angle between the pair of lines given by
9x*+12xy+4y*=0. Find also the separate equations.

Find the angle between the pair of lines given by 3x*-8xy+5y°=0.
Find also the separate equation.

Find the separate equations of the pair of lines 3x*-4xy+y*=0.
Find also the angle between the lines.
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7) If the slope of one of the lines of ax’+2hxy+by?=0 is twice the
slope of the other, show that 8h’*= 9ab

8) If the equation ax2+3xy-2y2-5x+5y+c:0 represents two lines
perpendicular to each other, find the value of ‘a’ and ‘c’.

9) Show that the equation 12x2-10xy+2y2+14x-5y+2:0 represents a
pair of lines. Also find the separate equations.

10) Show that the equation 12x*+7xy-10y*+13x+45y-35=0 represents
a pair of straight lines. Also find the separate equations.

11) Write down the separate equations of 3x* — 7xy — 6y* — 5x +26y
— 8 = 0. Also find the angle between the lines.

12) Show that the equation 9x*+24xy+16y*+21x+28y+6=0 represents
a pair of parallel straight lines. Find the separate equations and
the distance between them.

13) Show that the equation 9x*-6xy+y*+18x-6y+8=0 represents two
parallel straight lines. Find the distance between them.

ANSWERS
PART — A
4 2 -16 3 5 4 2
J20 V17 37 BNT)
5 12 8. k=2t 9. p=g 5.P=2
J5 2 5

13.P=-3 14, _7 15. % 18. X+3y-14=0

19. 3x+5y-19 =0

20. (i) 8x2-2y?=0

(i) 6x% +xy—-2y? =0
(i) 3x2 +8xy+4y? =0

(iv) 2x% +3xy—-2y? =0
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21. (i) (3x+4y)=0, 3x—-4y=0 (i) x-2y=0,2x-y=0
(iii) 2x+y=0,3x-y =0 (iv) x+y=0,15x+2y=0
24, P=1220 26. P=1
27. (i) 2x% +3xy—2y? +x+2y =0
(i) 2x2 +3xy —2y? —23x+ 4y +30=0 (iii) 3x? +8xy +4y? + 4y —3=0

PART - B
2) (i) 6 =60°, (i) 6 = 90°

(3) tan® :111, 6= 32°, 28’, 3x-5y=0, 2x-y =0
(4) 6=0, 3x+2y=0, 3x+2y=0

(5) tano :%, 3x-5y=0, x-y=0

(6) 3x-y =0, x-y=0, tan 6 =

N | =

(8) a=2,c=-3
(9) 2x-y+2=0, 6x-2y+1=0
(10) 4x+5y-5=0
3x-2y+7 =0
(11) 3x+2y-8=0
x-3y+1=0
tan 6 = LS
(12) 3x+4y+1=0
3x+4y+6=0
dist=1

V10

)
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UNIT IV

TRIGONOMETRY

4.1:  Trigonometrical ratio of allied angles-Expansion of Sin(A+B) and
cos(AxB) problems using above expansion

4.2:  Expansion of tan(A+B) and Problems using this expansion

4.3: Trigonometrical ratios of multiple angles (2A only) and sub-
multiple angles. Simple problems.
Introduction

Trigonometry is one of the oldest branches of mathematics. The
word trigonometry is derived from Greek words ‘Trigonon’ and
‘metron’ means measurement of angles. In olden days Trigonometry
was mainly used as a tool for studying astronomy. In earlier stages
Trigonometry was mainly concerned with angles of a triangle. But now
it has its applications in various branches of science such as
surveying, engineering, navigations etc.,For the study of higher
mathematics, knowledge of trigonometry is essential.

Trigonometrical Ratios:

Opp Hyp

] ™\
B Adj A

In a right angled triangle ABC,
Opposite side

i) Sine of an angle 6 =sin 6 =
Hypotenuse

Adjacent side

if) Cosine of an angle 6 = cos 6 =
Hypotenuse

Opposite side

iii) Tangent of an angle 6 =tan 6 = — .
Adjacent side
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Adjacent side

iv) Cotangentofanangle6=cot6= ——M—
Opposite side

Hypotenuse

v) Secantofanangle6=sec6= —— ———
Adjacent side

Hypotenuse

vi) Cosecant ofanangle® =cosec6= ———— ——
Opposite side

Note:
1. Cosecb=—
sinB
2. SecH = 1
coso
3. Coto :i
tan®
4 Tane =>M°
coso
5. cotp = 980
sin®

Fundamental trigonometrical identities
1) Sin°® +cos’0 =1
2) 1+tan’0 =sec’d
3) 1+ cot’® = cosec’d
Trigonometricall reties of known Angels

o |0°]30° | 45° | 60° | 90° [ 180° | 270° | 360°
: 1 1143
Sine | O - - | 2= 1 0 -1 0
2 \/5 2
V3l 1|1
CosO | 1| 1= | —= - 0 -1 0 1
2 | N2 | 2
1
Tan 0 0 \/g 1 \/E oo 0 -0 0
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Important results:
For all values of 6
i) sin(-6)=-sin0O
i) cos(-6)=cos 6
i) tan(-0)=-tan 6
iv) cosec (-0) = - cosec 6
v) sec (-0) =sec 6
vi) cot(-6)=-cot0
Signs of trigonometrical ratios:

oop

1 800 003600

1l \Y;

270°
i) Inthe first quadrant, all trigonometrical ratios are positive.

i) In the second quadrant, sin 6 and its reciprocal cosec 6 are
positive. Other trigonometrical ratios are negative.

iii) In the third quadrant, tan 6 and its reciprocal cot 6 are positive.
Other trigonometrical ratios are negative.

iv) In the fourth quadrant, cos 6 and its reciprocal sec 6 are positive.
Other trigonometrical ratios are negative.

v) The signs of trigonometrical ratios are usually remembered by
code word “All Silver Tea Cups” where the four words beginning
with A,S,T,C correspond to All ratios being positive in the |
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qguadrant, Sine in the Il quadrant, Tangent in the Il quadrant and
Cosine in the IV quadrant respectively.

This is tabulated as follows:

nctions | [ m |
Quadran
Sin + + _ _
Cosine + _ _ +
Tangent + _ + _
Cotangent + _ + _
Secant + _ _ +
cosecant + + _ _

4.1 TRIGONOMETRICAL RATIOS OF RELATED OR ALLIED
ANGLES:

The basic angle is ‘0’ and angles associated with ‘0’ by a right
angle (or) its multiples are called related angles or allied angles. Thus
90° + 0, 180° + 6, 270° + 6, 360° + 6 are known as related or allied
angles.

Working rule:
To determine the trigonometrical ratios of any angle, follow the
procedure given below:

i) Determine the sign (+ve or -ve) of the given T- ratio in the
particular quadrant by observing the quadrant rule “ASTC".

i) Determine the magnitude of the angle by writing in the form  (p x
90 + 0). If p is even (like 2,4,6,...) T — ratio of allied angle
becomes the same ratio of 0. i.e. for 180 £ 6 etc., no change in
ratio If p is an odd (like 1,3,5,...) T.Ratio of the allied angles
becomes the co-ratio of 0. i.e. for 90 £ 0, 270 £ 6 etc,

sin<> cos,tan < cot,sec <> cosec
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The trigonometrical ratios of related or allied angles are tabulated
as follows.

Rr;g-le 90-6 90+6 180-6 180°+6 270-0 270+6 360°-0 360+0
sin cos 0 cos 0 sin 6 -sin 6 -Cos 0 -cos 6 -sin 0 sin 6
cos sin © -sin 6 -cos 6 -cos 6 -sin 6 sin © cos 6 cos 6
tan cot 0 -cot 0 -tan 6 tan 6 cot 6 -cot 6 -tan 6 tan 6
cot tan 0 -tan 6 -cot 0 cot 6 tan 6 -tan 6 -cot 0 cot 6
sec cosec 6 | -cosec -sech -sec 6 -cosec 6 | cosec 6 sec 6 sec 6
cosec sec 6 sec 0 cosec 6 | -cosec 0 -sec 0 -sec 0 -cosec 0 | cosec 0
Note :

The trigonometrical ratios of angle n x 360° + 6 are same as
those of £ 6

(e.9)

i) sin 840°
= sin (2 x 360° + 120°%) = sin 120°
= sin (180° - 60°) = sin 60° = @

ii) cos 600° = cos (2 x 360° — 120°) = cos (-120°)
= cos 120°

= cos (180° - 60°%) =

N |-

iii) Tan 2460° = tan (6 x 360° + 300°) = tan 300°
tan (360°-60°) = - tan 60°

i

105



WORKED EXAMPLES
PART — A

Find the value of the following without using tables:

i) Sin 480 ii) cos (-300°)

i) tan 765° iv) sec (-420°)
Solution:
i) sin 480° = sin (360° + 120°)

=sin 120°
J3

=sin (180° - 60°) = sin 60° = -

i) cos (-300°) = cos 300°
= cos (360° - 60°)
=cos 60° = 1
2
iii) tan 765° = tan (2 x 360°+ 45°)
=tan45°=1

iv) sec (-420°) = sec 420°
= sec (360° + 60°) = sec 60°=2
2. Prove that sin (-330°) sin 420° = g

Solution
LHS = -sin 330° sin 420°
= - sin (360° - 30°) sin (360° + 60°)

= sin 30° sin 60 = 1 \/§/=\/§/
2 2 4
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4.2 COMPOUND ANGLES

If an angle is expressed as the algebraic sum or difference of two
or more angles, then it is called compound angle.

Eg:A+B,A-B,A+B+C A+
B — C etc...are compound angles. X,

Prove Geometrically that Y4
1. sin(A+B)=sinAcosB+cosA sinB
2. cos(A+B)=cosA cosB-sinA sinB R
proof:

Draw OX;and OX, such
that [X,0X = A and |X,0X, =B A

5

ST X

P is any point on OX, Draw
perpendiculars PQ to OX, and PS to OX from the point P. Draw
perpendiculars QR to PS and QT to OX from the point Q.

(i) Inthe right angled triangle OPS

opposite side

Hypotenuse

_PS

" oP

_PR+RS PR+QT

- oP  OP
OP OP

_PRPQ QT 0Q
PQ OP 0OQ OP

sin(A +B) =

= cosA sinB+ sinA cosB
.. sin (A+B) = sinA cosB+cosA sinB

(ii) In the right angled triangle OPS
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Adjacent side
Hypotenuse

_0Ss

" oP

_OT-ST OT-RQ

- OP  OP

~OT RQ

“OoP OP

~OT OQ RQPQ

" 0QOP PQOP

cos(A+B)=

=C0SA cosB-sinA sinB
.. c0s(A+B) =cosA CosB-sinA sinB

Formula:
1) Sin(A+B)=SinACos B+ Cos ASinB
2) Sin(A-B)=SinACosB-Cos ASinB
3) Cos(A+B)=CosACosB-SinASinB
4) Cos(A-B)=CosACosB+SinASinB
Result:
(i) Prove that sin (A + B) sin (A — B) = sin’A — sin’B
Solution

LHS =sin (A +B) sin (A - B)
=(sin A cos B + cos A sin B) (sin A cos B — cos A sin B)

=(sin A cos B)? — (cos A sin B)®
=sin’A cos’B — cos®A sin’B)
=sin’A 1- sinZB) -(1- sinzA) sin’B
=sin’A- sin’A sin’B — sin’B + sin“Asin’B
=sin’A-sin’B
~.Sin (A + B) sin (A — B) = sin°A — sin’B
(i) Prove that cos (A + B) cos (A — B) = cos’A — sin’B
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Solution
LHS =cos (A + B) cos (A — B)
=(cos A cos B —sin A sin B) (cos A cos B + sin A sin B)
=(cos A cos B)? — (sin A sin B)®
=Cos’® A cos’B — sin’A sin’B
=Cos’ A (1-sin’B) — (1-cos®A) sin’B
=Cos’® A — cos”A sin’B — sin’B + cos’A sin’B
=Cos” A — Sin’B
-.Cos (A + B) cos (A — B) = cos’A — sin’B
Also Cos (A+B)cos (A-B) =cos’B-sin’A

4.1 WORKED EXAMPLES
PART — A

1.) Find the value of sin65° cos25° + cos65° sin 25°
Solution:
Sin65° cos25° + cos65° sin 25° = sin (65° + 25°)

= sin 90° =1
2.) Find the values of sin40° cos10° — cos40° sin10°
Solution:
Sin40° cos10° — cos40° sin 10° = sin (40° - 10°)

= sin30° ==
3.) What is the value of cos50° cos40°- sin50° sin40°
Solution:

Cos50° cos40° — sin50° sin40° = cos (50° + 40°)

= cos 90° =0

4)) What is the value of cos70° sin10° + sin70° sin10°
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Solution:
Cos70° cos10° + sin70° sin10° = cos (70° - 10°%)

= cos 60° =

N |

5.) Find the value of sin15°

Solution:

Sin15° = sin (45°-30°)
= sin45° co0s30° — cos45° sin30°
1 43 11
22 22

6.) Find the value of cos75°

i
242
Solution:

Cos75° = cos (45° + 30°)

= c0s45° cos30° — sin45° sin30°

143 11
J2i 2 22
_v3-1

2.2

7.) Prove that cos(60°-A) cos(30° +A)— sin (60° — A)sin (30°+A) = 0
Solution:
We have cos A cos B — sin A sin B =cos (A + B)
LHS = cos (60° — A) cos (30°+ A) — sin (60° — A) sin (30° + A)
= cos[(60 — A) + (30+A)]
=cos (60 — A + 30 + A) = cos 90° = 0 =RHS

sin(A+B)+sin(A-B)

8.) Prove that
cos(A +B)+cos(A-B)

=tanA
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Solution:

_ sin(A+B)+sin(A-B)
- cos(A+B)+cos(A-B)

sinAcosB+ cosAsinB + sinAcosB —cos AsinB
cosAcosB —sinAsinB + cos AcosB + sinAsinB

2sinAcosB _ sinA
2cosAcosB cosA

9.) Prove that sin(A+B) sin(A-B)+sin(B+C)sin(B-C) +sin(C+A) sin(C-
A)=0

Solution:

LHS = sin(A+B) sin(A-B)+sin(B+C)sin(B-C) +sin(C+A) sin(C-A)
= sinA- sin’B + sin’B-sin°C+ sin°C -sin’A
=0 RHS

=tanA=RH.S

PART -B

1) If A and Bareacute and if sin A :iand

V10
=

75

sinB=—=prove that A+B =

NI

Solution:

Given:sin A :iand sinB= 1
V10 J5

cosA =y1-sin’ A
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COSA =

Hﬁ“w
I | o
Z‘
5
N
oy}

cosB =

I
i
(SR

cosB =

§||N SIS

Sin (A+B) =sin A Cos B + Cos A sin B
2 3 1

10735 o 5

+

I
ai
gl

5

Sin(A+B) =

i o 5

= sin (A +B) = sin 45°
= A+B =45°

= A+B=2
4

2) If Aand B are acute and if cos A:%and cosB= —

ProvethatA -B = 60°org

SinA = +1-cos’A

-t
49
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- 48
9

4
_43
7
1

SinB =+v1-cos’B

169
196
27

196

33

14
cos (A-B) =Cos A Cos B +sin Asin B

_113+4J§ 343

7 14 7 14

13 36

= — 4+ —

98 98

=P 1

98 2

Cos (A —B) =cos 60°
= A-B=60°

4.2 COMPOUND ANGLES (CONTINUED)

Formula:

1) tan (A+B) _ tanA + tanB
1-tanAtanB

2) tan (A-B) _ tanA —tanB
1+tanAtanB
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4.2 WORKED EXAMPLES
PART -A

tan20° + tan 25°
1-tan20°tan25°

1) Find the value of

Solution:

tan20° + tan 25°

=tan45° =1
1-tan20°tan25°

2) Iftan A :%and tan B :%, find the value of tan (A+B)
Solution :

Given tan A :%and tan B :%,

tan (A+B) = tanA + tanB
1-tanAtanB
1 1 3+2
i+i
-2 3 __6
11 61
23 6
5/6
5/6

3) With out using tables, find the value of tan 105°
Solution:

tan 105° = tan (60°+45°)

_ tan60° +tan45°
1-tan60° tan45°

\/§+1 _ 1+\/§
1-V3  1-43
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PART -B
1) If A+B =45°, prove (1+tan A) (1+tan B) = 2 and hence deduce the

value of tan 22%

Solution:

Given : A+B=45°
Taking ‘tan’ on both sides
Tan (A+B)=tan 45°

tanA +tanB
1-tanAtanB
tan A+ tan B =1-tan Atan B
tan A+tan B+tan AtanB=1 (1)
RHS = (1+tan A) (1+tan B) = 1+tan A +tan B +tan A tan B
=1+1
=2
Thus (1+tan A) (1+tanB) =2 (2)
Deduction :

o

Put B =Ain A+B=45° A+A=45° 2A=45° A= 22%

o

B= 22% (~.A=B)

From (2)

o

(1+tan 22% ) (1+tan 22% ) =2

(1+tan 22% Y= 2

o

1+tan 22% =2

o

tan 22% =J2-1
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2) If A+B+C =180°,Prove that tan %tan %+ tan %tan %+

tan E tan A =1
2 2

Solution :

Given: A+B+C =180°
A+E+E =90°
2 2 2

= A+E :900-9
2 2 2

Taking tan on both sides

tan A+E = tan 90"—E
2 2 2

tané +tan—
2 2

—cotg
1—tanétanE 2
2 2

A B
tan— + tan—
2 2 _ 1
1—tanétanE tanE
2 2 2

tan E tané+tanE =1-tan étam E
2 2 2 2

tan E tan A+tan E tan — = 1-tan —tan —
2 2 2 2 2

tan A tan E+ tan B tan < +tan — tan — =
2 2 2 2 2 2
3) If A+B+C =180°, prove that
cotA + cot B + cotE:cot Acot —cot —
2 2 2 2 2 2
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Solution:
In the above example (2), we know that

tan A tan E+tan E tan E +tan E tan A: 1
2 2 2 2 2 2

divided by both sides by tan % tan g tan %

1 1 1 1
+ + =

tan ¢ tan A tan B tan c tan A tan B
2 2 2 2 2 2

A B Cc A B C
cot —+cot+ —cot —=cot —cot —cot —
2 2 2 2 2 2

4) If A&B are acute angles and if tan A= o and tan B= ,
n+1 2n+1

show that A+B =
Solution:

Given: tan A= _n , tan B= ,
n+1 2n+1

tanA + tanB
1-tanAtanB
n 1
—t
_ n+l 2n+1

ot )

n(2n+)+1n+1)
(n+1)(2n+1)

(n+)(2n+1)—n
(n+1)(2n+1)

tan (A+B) =

2n° +n+n+1
2n? +n+2n+1-n
_2n’+2n+1
2n? +2n+1
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tan (A+B) =1
tan (A+B) = tan 45°
= A+B =45°

A+B= T
4

5) Iftan A—-tanB =p and cot B — cot A=q show that

cot (A-B) = 1 +1
P q

Solution:

Given: tan A—-tanB =

p

cotB-cotA=q

R.H.S = 1+l
p q
1 .
= + using
tanA —tanB cotB -cotA
1 1
= +
tanA —tanB 1 1
tanB tanA
_ 1 + tanAtanB
tanA-tanB tanA —-tanB
_ l+tanAtanB
tanA —tanB
-1
tan(A -B)
= cot (A-B)
=L.H.S
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4.3 MULTIPLE ANGLES OF 2A ONLY AND
SUB — MULTIPLE ANGLES

Trigonometric ratios of multiple angles of 2A in terms to that of A.
1) Consider sin (A+B) = sin Acos B + cos Asin B

Put B = A, we get

Sin (A+A) = sinA cosA + cos A sin A

sin 2A = 2sin A cos A
2) Consider cos (A+B) = cos A cos B —sin A sin B

Put B = A ,we get

cos (A+A) =cos Acos A—sin Asin A

cos 2A = cos *A —sin’A

We have cos 2A = cos’A — sin A

= 1- sin *A -sin *A

cos 2A = 1-2 sin ?A

cos 2A = cos’A — sin °A

= cos’A —(1- cos®A)

cos 2A = 2c0s’A-1

i 1- 2A

Note: (a) sin’A = %

(b) cos’A = 1+cos2A

2

(c) tan’A = 1-cos2A

1+ cos2A
Consider , tan (A+B) = _anA+1anB
1-tanAtanB

tan (A+A) = BNATENA
l-tanAtanA

tan2A = %
1-tan“ A
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To express sin 2A and cos 2A in terms of tan A:
we have sin 2A = 2sin A cos A

_ 2sinA cos? A (multiple& dividedly cosA )
CosA
= 2tanA X >
sec A
Sin2A :—2 tan;A
1+tan© A
Also, cos 2A = cos %A —sin’A
2
=cos °A| 1- smzA
cos“ A
= cos ?A (1-tan’A)
= 12 (1-tan®A)
sec“ A
_ 2
CoS2A = w
1+tan© A

SUB-MULTIPLE ANGLES:
If A'is any angle, then A/2 is called sub multiple angle.
i) Sin A =sin (2xA/2)
Sin A = 2sin A/2 cos A/2
i) Cos A =cos [2xA/2]
Cos A = cos® A/2 — sin A/2
= 1-2sin’A/2
(or)
= 2cos’A/2-1
Note :
sin?Aj2 = 17C0SA
2
1+cosA
2
1-cosA
1+cosA

Cos?A/2 =

tan’A/2 =
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iii) Tan A = tan (2.A/2)

Tan A= ZJ[L;A/Z
1-tan“A/2
Similarly, sin A= —2@NAIZ_
l1+tan“A/2

_ 2
Cos A= M
1+tan“A/2

4.3 WORKED EXAMPLES
PART -A

1) Find the value of _2tanl5°®

1+ tan?15°
Solution:

We have, sin2A = 2ta—n;0\
1+tan® A
Put A=15°in (1)
2tan15°

———— =sin 2(15°

1+tan?15° (159

=sin 30° = 1
2

_tan21Eo
2) Find the value of 1-tan"15°

1+ tan?15°
Solution:

_ 2
We have Cos 24 = 118" A

1+tan? A
Put A=15°in (1)
_ 21E0
LS o
1+tan“15°
= cos 30° = ﬁ
2
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sin2A

3) Provethat —————=tan A
1+cos2A
Solution:
sin2A
L.H.S = 1+cos2A
2sinAcosA 2 1+cos2A
=——— — V|COs"A=—_——
2cos” A 2
=tanA
=R.H.S
4) Prove that cos’A — sin *A = cos2A
Solution:

LHS = cos*A- sin ‘A
= (cos’A)*- (sin *A)°
= (cos®A+ sin %A) (cos’A - sin ?A)
=(1) cos 2A
=cos 2A

5) Prove that _SinA__ cot A/2
1-cosA

Solution:
LHS = sinA _ 23|nA-/icosA/2
1-cosA 2sin“A/2
_ COsA/2
sinA/2
=cot A/2 =RHS

6) Prove that (sin A/2- cos A/2)* =1-sinA
Solution:
LHS = (sin A/2- cos A/2)®
= sin *A/2+ cos® A/2- 2sin A/2 cos A/2
=1-sin A
= RHS
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PART -B

1) Prove that SINA +5sin2A =tan A

1+ cosA +cos2A

Solution:

SinA+2sinAcosA
1+CcosA+2cos’A-1

_ SinA(1+2cosA)
cosA(1+2cosA)

LHS =

2) Prove that cos 4A = 8cos “A-8cos *A+1
Solution:
LHS = cos 2(2A)
= 2cos “2A-1
= 2(cos 2A)*-1
= 2[2cos *A-1]*-1
= 2[4cos ‘A+1-4cos *AJ-1
= 8cos “A+2-8cos *A-1
= 8cos “A-8cos *A+1
= RHS

3) Iftana = %and tan B = %show that 2a+B:%

Solution:
Given: tan o = 1 , tan B = 1
3 7
sane _ A3)
tan 2o = an;x = > = 3
1-tan®o [1j 1
-3 9
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1]
[N
~
w

w|N
™| ©

1]

Slw

tan 200 = —

Alw

tan2a + tanf
1-tan2atanf
3 1 21+ 4

tan (2o+p) =

4 _ _ 28
R
4 \7 28
_25/28 _,

25/28
Tan (2o0+8) =1

=tan 45°
200+p = 45°

n
2043 = —
: 4

4) Iftan A :%, prove that tan 2A =tan B (A and B are acute
sin

angles)
Solution:

1-cosB
sinB

Giventan A =

_ 2sin’B/2 _ sinB/2
2sinB/2cosB/2 cosB/2

Tan A =tan B/2

=A =BJ/2

=2A =B

Taking ‘tan’ on both sides
Tan 2A=tan B.
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14.

15.

16.

17.

18.

19.

EXERCISE
PART A

g

Show that cos (-330°) cos 420° = -

Show that cos 780° sin 750°= %

Find the value of the following: Sin (-330°) cos 300°
Cos (-390°) sin 420°

Cos (90° + 6) sec (-0) tan (180° - 6)

Cot (90%-0) sin (180° + 6) sec (360°-0)

Sin 40° cos20° + cos 40° sin20®

Sin 70° cos 10° — cos 70° sin 10°

Cos 75° cos 15° + sin 75° sin 15°

. Cos 75° cos 15° — sin 75° sin 15°
. Find the value of sin 75°
. Find the value of cos 15°

. Prove that sin (45° + A) = iz (sin A + cos A)

2
1
72

Prove that cos (45° — A) cos (45° — B) — sin (45° — A)
sin (45° — B) = sin (A + B)

Prove that sin A + sin (120° + A) — sin (120° = A) = 0
tan22° +tan 23°
1- tan22° tan 23°

Prove that cos (A + 45°%) = (cos A—sin A)

Find that value of the following:

tan65° —tan20°
1+tan 65° tan20°

Iftan A = % andtan B = 1—11 , find the value of tan (A + B)
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20. Prove that tan (%Haj tan G—ej =1

21. Find the value of the following
2 sin 15° cos 15°
22. 1 -2 sin*15°
23. 2 cos’30° -1
24. Cos?15° — sin?15°
0
2tan 221—
25, 2
10
1-tan®22~—
2

Prove the following:
. M: CotA
1-cos24
1-tan®(45-A)
1+tan?(45 - A)
28. (sin A + cosA)? = 1 +sin 2A
29. cos* A —sin*A = cos 2A
sinA

30. ————=cotA/2
1-cosA

27. sin? A

PART -B
. 3 12 )
1. IfsinA=—,CosB=—, (AorB be acute) find
5 13
(i) sin(A+B) and (ii) cos (A+B)

2. IfsinA= é ,SinB = % (A&B are acute) find sin (A+B)

3. IfsinA :i, sin B= i (A&B are acute) prove that
17 13

sin (A+B) = %
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10.

11.

12.
13.
14.

15.

16.

17.
18.

19.

20.

21.

18
17
Prove that sin A + sin (120+A) + sin (240+A)=0
Prove that cos A + cos (120+A) + cos (120-A)=0
sin(A —B) + sin(B-C) + sin(C—-A) -0
sinAsinB  sinBsinC  sinCsinA
sin(A —B) + sin(B-C) + sin(C-A) -0
cosAcosB cosBcosC cosCcosA
Prove that tan 20°+ tan 25°+ tan 20° tan 25°=1

If sin A = %cos B= (A&B be acute ) find cos (A-B)

Prove that

Prove that

If A+B=45°, prove that (cotA-1) (cot B-1)=2 and hence deduce the

value of cot 22 1?

If A+B =225° , prove that CotAcotB :1
(1+cotA)(1+cotB) 2

If A+B+C=180°,prove that cotA cotB+ cotB cotC+ cotC cot A=1

If A+B +C =180°,prove that tanA+ tanB+ tanC =tanA tanB tanC

prove that tan 5A- tan 3A- tan 2A= tan 5A tan 3Atan 2A

Iftan o = % and tan Bé show that tan (2o+p)=3

1-c0s2A +sin2A _
1+ cos2A +sin2A

Prove that tan A +cot A= 2 cosec 2A

Prove that tan A

Prove that cot A -cot 2A = cosec 2A

Show that ﬂ: cot A and hence deduce the value of

1-cos2A

cot 15° and cot 22 % °

If tan 6= %find the value of a sin 26 + b cos 20

Prove that cos 4A = 8sin “A- 8Sin ?A+1
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22. Prove that cos® A +sin°A= 1- %sin A

23. Prove that 1-cosA+sinA _ %

- =tan
1+ cosA+sinA

24. If tan o= %and tanp :é, show that 20+3=45

ANSWERS
PART -A
1 3
3) = 4) —
) 4 ) 4
5) sinb secH tan 6 6) tano sinb secH
7) ﬁ 8) ﬁ 9) 1 10) O
2 2 2
11) V3+1 12) V3 +1 17) 1
242 242
1
18) 1 19) 1 21) >
22) 33 23) 1 24) ﬁ 25) 1
2 2 2
Part B
. 56 .. 33
i) — i) —
) ) 65 ) 65
p) J15+22 3 17
12 85
10) V2 +1 20) b
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UNIT -V

TRIGONOMETRY

5.1 Trigonometrical ratios of multiple angels (3A only). Simple
problems.

5.2 Sum and Product formulae-Simple Problems.

5.3 Definition of inverse trigonometric ratios, relation between
inverse trigonometric ratios-Simple Problems.

5.1 TRIGONOMETRICAL RATIOS OF MULTIPLE ANGLE OF 3A.

i) sin 3A =sin (A+2A)
= sinA cos2A+Cc0osA sin2A
= sinA (1-2 sin® A) +cos A (2 sinA cosA)
= sinA-2sin*A+2sinA cos’A
= sinA -2sin*A+2sinA (1-sin’A)
= sinA -2sin®A+2sinA-2sin®A
sin3A = 3sinA - 4sin’A
i) Cos3A = Cos(A+2A)
= CosACo0s2A-SinA Sin2A
= CosA(2Cos’A-1) - Sin A (2SinACosA)
= 2C0s’A-CosA-2Sin°A Cos A
= 2Cos°A-CosA-2 (1-Cos’A) Cos A
= 2Cos® A-CosA-2CosA +2Cos’A
Cos3A = 4Cos°A-3CosA
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iii) tan3A =tan (A+ 2A)
tan A + tan2A
1-tan Atan2A

tan A + 72tan?
tan3A = 1-tanA

1-tan A (Ztan? j
1-tan“A

_ tanA(1-tan?) A + 2tanA
1-tan?A - 2tan’A
tanA - tan®A + 2tanA

1-3tan’A
_ 3
tan 3A = 3tanA tazm A
1-3tan“ A
5.1 WORKED EXAMPLES
PART-A
1) Find the value of 3sin 20™-4sin’®20°
Solution:

We have, sin3A = 3sin A - 4sin’ A

3sin 20°- 4sin® 20" = sin3 (20") (Here A = 20)
=sin 60
_\3

2
2) Find the value of 4 cos® 10" - 3 cos 10°

Solution:
We have, cos 3A = 4 cos’A — 3 cos A

~.4c0s%10 - 3cos 10 = cos 3 (10") (Here A = 10")

=cos 30°

_\3

2
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3) Ifsin 6= % find the value of sin 30
Solution:
Given: sin 6 = g

We have, sin 30= 3 sin 0 — 4 sin®0

108 _ 225-108
125 125

9.
5

Sin 36 = E
125

4) IfcosA= é find the value of cos3A
Solution:
. 1
Given: cos A = 3

We have cos 3A = 4cos® A — 3cos A

(3

(L) 4=t
27 27
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PART - B

sin3A  cos3A _

1) Provethat — =
sinA COSA

Solution:
LHS = si.n3A _ Cos3A
SINA COSA
_3sinA-4sin®A  4cos® A-3cosA
SinA COsA
_sSinA(B-4sin®A) cosA(4cos®A-3)
SinA COSA

= 3-4 sin°A — 4cos’A + 3

=6 -4 (sin°A + cos®A)

=6-4

=2

=R.H.S

cos® A—cos3A | sin® A +sin3A 3
COSA SinA

2) Prove that

Solution:
cos® A —cos3A . sin® A +sin3A
COSA SinA

LHS =

cos® A —(4cos® A —3cosA) . sin® A +(3sinA —4sin® A)

COSA SinA

cos® A - 4cos® A +3cosA . sin® A +3sinA - 4sin® A

COsA SinA
3cosA -3cos® A , 3sinA -3sin®A
COsA SinA
_ 3cosA(l-cos®A) , 3sinA(1- sin® A)
COsA SinA
= 3(1-cos’A) + 3 (1-sin’A)
= 3 sin’A + 3cos’A
= 3(sin’A + cos’A)
=3(1)=3=R.H.S
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3) Prove that &: sin A and hence find the value of sin 15°.
1+2cos2A

Solution:

LHS = sin3A
1+ 2cos2A
3sinA—4sin® A
1+ 2(1-2sin% A)

SiNA(3-4sin2A)

1+2-4sin® A)
_ sinA(3-4sin’A)
3-4sin’A
=sin A = RHS
We have proved that sin A= —SI0SA__
1+2cos2A
put A = 15°
~sin1se = _SN8@5°) _ _ sin45
1+2c0s2(15°) 1+2cos30°
1 1
__ 2 _ 2
1+ 2(ﬁ) 1+4/3
2
St
x/E(1+ \/5)
4) Prove that 4sinA sin (60+A) sin (60-A) = sin3A

Solution:
LHS = 4sin A sin (60+A) sin (60-A)
= 4sin A [sin°60 —sin *A]  [sin (A+B) sin (A-B) = sinA-sin’B]
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V3

= 4sin A [(7)2 —sin’A]
. 3 .
=4sin A [—-sin“A]
4
_Asin?
=4sin A {—3 42'“ A}

= 3sin A -4sin® A
=sin3 A=RHS

5) Prove that cos 20° cos40°cos 80° = %

Solution:
LHS = cos 20° cos40°cos 80°
= c0s20° cos (60°-20°) cos (60°+20°)
= €0520° [c0s°60°-sin°20°] [cos(A+B)cos(A-B)= cos’A — sin’B]

= c0s20° (%)2 - (1— cos? 20°)]

= c0s20° %— 1+ cos? 20"}

~ 2o
— c0S20° 4cos jo 3}

:% [4c0s°20°-3c0s207]

c0s3 (20°)

Nl DR

€c0os60° = ix& :l =RHS
4 2 8
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5.2 - SUM AND PRODUCT FORMULAE
Sum or Difference formulae:
We know that

sin (A+B) =sin Acos B + cos Asin B Q)

sin (A-B) =sin Acos B - cos AsinB (2)
Adding (1) and (2), we get

sin (A+B) + sin (A-B) = 2sin A cos B ()
Subtracting (2) from (1), we get

sin (A + B) - sin (A-B) = 2cos Asin B (1
We know that

cos (A+B) =cos Acos B—-sin AsinB 3)

cos (A-B) =cos Acos B +sin Asin B 4
Adding (3) and (4), we get

cos (A+B) + cos (A-B) = 2cos A cos B (1
Subtracting (4) from (3), we get

cos (A+B) - cos (A-B) =-2sinAsin B (V)

(or)

cos (A-B) - cos (A+B) = 2sinAsin B

sin (A + B) + sin (A —B) =2sinA cosB

sin (A + B) —sin (A—B) = 2cosA sinB

cos (A + B)+ cos (A —-B) = 2cosA cosB

cos (A +B)-cos (A-B)=-2sinAsinB

(or)

cos (A-B)—-cos (A +B)= 2sinAsinB
Product formula:

LetC=A+BandD=A-B

ThenC+D=2AandC-D=2B

_C+D _C-D

= A =>B=——
2

135



Putting these values of Aand B in I, II, 1, IV we get
sin C + sin D = 2sin C;D cos C;D

sin C —sin D = 2cos C;D sin C;D

C+D C-D
cos C+cos D =2cos > cos

2
cos C —cos D = -2sin €+D sin €D
2 2
(or)
cos D —cos C = 2sin C;D sin C;D

5.2 WORKED EXAMPLES
PART — A
1) Express the following as sum or difference:
i) 2sin26cos6 i) 2cos3Asin5A
iii) 2c0s3Acos2A iv) 2sin3AsinA
Solution:
i)  We have 2sinA cosB = sin (A + B) + sin (A — B)
2sin26cos0 = sin(26 + 6) + sin (26 - 0)
=sin30 + sin6
i)  We have 2cosA sinB = sin (A + B) - sin (A —B)
2c0s3A sin5A = sin (3A + 5A) - sin (3A — 5A)
= sin8A - sin(-2A)
=sin8A + sin2A
[..sin (-A) = -sin A]
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iii) We have, 2cos A cos B = cos (A + B) + cos (A —B)
2c0s3Acos 2A = cos (3A + 2A) + cos (3A-2A)
=cos 5A + cos A
iv) We have 2sin A sin B = cos (A-B) — cos (A+B)
2sin 3A sin A = cos (3A-A) — cos (3A+A)
= cos 2A — cos 4A.
2) Express the following as product:
1. sin 4A + sin 2A 2. sin 5A —sin 3A
3.cos 3A +cos 7A 4. cos 2A —cos 4A
Solution:
i)  We have sinC + sinD = 2sin C;D cos C;D

4A +2A 4A -2A
cos >

sin 4A + sin 2A= 2sin

=2sin 3A cos A

We have sinC — sinD = 2cos C ; D sin C;D

SA+3A . S5A-3A
Sin 5

i) sin5A - sin3A = 2cos

= 2cos 4A sin A

C-D
cos ——
2

3A+7A 3A-TA
Cos 5

We have cosC + cosD = 2cos c+D

iii) cos 3A + cos 7A = 2cos

= 2cos 5A cos (-2A)

= 2cos 5A cos 2A (- cos(-6) = cos0)
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iv) We Have cos C - cos D = -2sin C;D sin C;D

2A+4A . 2A-4A
sin >

cos 2A - cos 4A = -2 sin

=-2 sin 3A sin (-A)
=-2sin 3Asin A
3) Prove that sin 50° —sin 70° + sin 10° =0
Solution:
LHS = sin 10° + sin 50° — sin 70°

= sin 10° + 2cos [50 ;70 ] sin (50 ;70 ]

= sin 10° + 2cos 60° sin (-10°)
=sin 10° + 2 (%) (-sin 10°)
=sin 10° — sin 10°
=0 =RHS
4) Prove that cos 20° + cos 100° + cos 140° =0

Solution:
LHS = cos 20° + cos 100° + cos 140°

100" +140° 100" -140°
= c0s20°+ 2cos [TJ cos [TJ

= cos 20° + 2cos 120° cos (-20°)

=co0s 20° + 2 (_71) cos 20°

= cos 20° — cos 20°
=0 =RHS.
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5) Prove that cos A + cos (120° + A) + cos (120°-A) =0
Solution:

LHS = cos A+ cos (120°+A) + cos (120°-A)
120"+ A +120° - A} [120o +A-120°+ A}
cos

= COSA+2co0s
2 2

=cos A+ 2cos 120° cos A
=COSA+2 (_71} cos A

=cosA—-cosA
=0 =RHS.
sin2A -sin2B

6) Provethat —M
Cos2A +cos2B

=tan (A+B)

Solution:

sin2A —sin2B
COS2A +cos2B
(2A +2B) sin

LHS =

(2A=28)
2
ZCOS(ZA;-ZB)COS(ZA—ZB)

2

2cos

sin(A —B)

cos(A -B)

=tan (A-B) = RHS.

PART-B

1) Prove that (cos o + cos f)  + (sin a + sin B)* = 4cos® [OCT_BJ

Solution:
LHS = (cos o + cos ) 2 + (sin o + sin B)?

2] el
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= 4cos” (OL;) |:COSZ(OL—+B)+SH‘]2[ BH
2 2
=4c0s? [£=P | 1
( . j @
= 4cos? (OL;J
2
= RHS.
2) Ifsinx+siny=a and cos x + cos y =b,
_ 4 — 2 _ b2
Prove that tan® (X yJ = a
2 aZ +b?

Solution:
Given: sin x + siny =a and cos x + cos y =b

Consider a’+b?= (sin x + sin y)* + (cos X + cos y)*

2 2
= 2sin* Y cos X =Y | +|2c0s X Y cos XY
2 2 2 2

=asin? [ X2Y ) cos? | XY | +4cos? [ XY | cos? [ XY
2 2 2 2
=4 0082 (ﬂ] sin2 u + 0052 u
2 2 2

=4 cosz(x _ yJ (1) since [sin’0 + cos0=1]

N

a®+b? a’ +b?
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4—4cosZ(X;y)

4cos?(

x-y
5 )

41— cos?(X ; Yy

4cos?(

x-y
5 )

X-y
_ sin?(Z—2 5 )
cos (X y)

3) Ifsinx+siny=a andcos x+cosy=b

2ab

Prove that sin (x+y) = b2

Solution:

Consider 2ab = 2 (sin x + sin y) (cos X + cos y)

=2 @2sin 22 cos XY y(2cos XY cos XY
2 2 2
=4.2) sin 22Y cos XY cos? XY
2 2 2
Xty

=acos? XY 2sin XY cos
2 2

=4 cos? 2= sinz [ X2Y
2 2

[-.2 sin A cos A = sin2A]

= 4 cos? X—;y [sin(x+y)]

Again a’+b? = 4 cos? XY

(refer example 2)
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oab [4 cos? X;stin(x +Y)
R.H.S =

a®+b?

4cos? XY
2

=sin (x+y)=L.H.S

SinA + sin2A + sin3A

4) Prove that =tan

COSA + coSs2A + cos3A

Sin2A + (sin3A +sinA)
C0S2A + (Cos3A +cosA)

LHS =

sin2A + 2sin A T A cps SATA

- 2 2
3A+A 3A-A
Cos

2

COS2A + 2cos

sin2A +2sin2AcosA
COS2A +2c0Ss2ACosA

Sin2A(1+2cosA)
Ccos2A(1+2cosA)

sin2A
CcoSs2A

=tan 2A
= RHS.

2A

5.3 INVERSE TRIGONOMETRIC FUNCTION

INVERSE TRIGONOMETRIC FUNCTION :

Definition:

A Function which does the reverse process of a

trigonometric function is called inverse trigonometric function.

The domain of trigonometric function is set of angles and range is set

of real members.
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In case of inverse trigonometric function the domain is set of real
numbers and range is set of angles.

Inverse trigonometric function of “sine” is denoted as sin™ similarly
cos?, tan™, cos™, sec™ and cosec™ are inverse trigonometric functions
of cos, tan, cot, sec and cosec functions respectively.

Examples:
We know sin 30°=+ - sin*[ 1| = 30°
2 2
tan 45° = 1. tan"'(1) =45
cos 0°=1.. cos’(1) =0
Note:

i) There is a difference between sin"x and (sin x)* sin™x is inverse
trigonometric function of sin x whereas (sin x)* is the reciprocal of

) . 1 1
sin X. i.e.(sin X)~ =——— = cosec X.
sinx

if) Value of inverse trigonometric function is an angle.
i.e. sin 'x is an a angle
ie.sin’x=0

Principal value:

Among all the values, the numerically least value of the inverse
trigonometric function is called principal value.

Examples:
. 1 1
1) We know sin 30° = > sin 150° = 5

Sin 390° =X, - sin (-3309) = L ...
2 2

Sin™ @J =30°, 150°, 390°, -330°
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The least positive value is 30°, which is called principal value of
sin™ (E
2
1 1
2) We know cos 60° = > cos (-60°) = 5
Cos 300° = 1 cos 420° = 1o
2 2

Cos * (%j = 60°, - 60°, 300°, 420°.......

The principal value of cos™ [%j is 60°

Here 60° and -60° are numerically equal and though - 60° is the
smaller than 60° only 60° is taken as principal value.

The following table gives the range of principal values of the
inverse trigonometric functions.

Function Domain Range of Principal Value of 6

Sin™ x 1< x<1 g™

Cos™x -1<x<1 2 2

Tan™ x (o) 0<8< g

Cot™ x (-oc,¢) Tog<®

Sec™ x (-1,1) except o 02< B<m ’

Cosec’x | (-1,1)excepto |0~ 070 2

—g< < g 6=0°

Properties
Property (1)
(a) sin™ (sin x) = x
(b) cost(cosx) =x
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(c) tan™ (tan x) = x

(d) cot™(cot x) =x

(e) sec! (secx) =x
() cosec™ (cosec X)= X
Proof:
(a) letsinx=y — x =sin™ (y) 1)
Put sin x=y in sin™ (sin x)
. Sin™ (sin x)= sin™ (y) 2)
From (1) and (2), sin* (sinx) =X

Similarly other results can be proved
Property (2)

(a) sin™ (%) = cosec'x
(b) cosec™ (ij = sin'x
(c) cos™ (%J =sec™x
(d) sec™ (ij =cos™ X

(e) tan™ [Ej = cot™x
X

1 |1-tan?@ )
(f) cot ! {m} =tan 1X

Proof:

(a) Letsin™ (%) S — D
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Siny = 1
X
1
X = —— =cosecy
siny
RV oo Y- S —— D)

(1) and (2)= sin™ (%) =cosec 'x

Similarly other results can be proved
Property (3)

(a) sin® (-x)  =-sin™ x
(b) cos'(-x) =m-cos™ x
(c) tan® (x) =tan’x
(d) cot' (-x) =-cot™x
(e) sect (-x) =-sec™tx
) cosec™ (-x) =-cosec™ x
Proof:
(a) Let y=sin™ (-x) 1)
siny =-x
i.e.x=-siny
X  =sin(-y)
i.e.sin"x= -y
~y  =-sintx )
From (1) and (2) sin™* (-x) = -sin™ x
(b) Lety = cos™ (-x) (1)
Cosy=-x

i.e. Xx=-cosy
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X = cos (180°-y)
cos™ x = 180°-y
y = 180°-cos™'x
y = m-cos X 2)
From (1) and (2) cos™(-x) = m-cos™ x
Similarly other results can be proved
Property (4)

(i) sint x+cost x = g
(ii) tan® x+cot' x = g
(iii) sec™ x+cosec™ x = g
Proof:
(i) LetO=sin" X .......... )
sinB = x
i.e. X =sinb

X = cos (90°-6)

~.cos™t x = 90°-0

cos™ x = 90°-sin™ x (using (1))
T

sin? x + cos™ x =90° = >

Similarly other results can be proved
Property (5)

If xy < 1 Prove that tan™ x + tan™ y = tan™ (uj

1-xy
Let A=tan" x X =tan A
LetB=tan'y .y =tanB
tanA +tanB

We know tan (A+B) = ——
1-tanAtanB
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-.tan (A+B)

L A+B

1
-
QD
=]
AN
VR
'|-‘><
+
3 |<
N—

ietantx +tany =tan™ ( Xty J

Property (6)
Sin x +sinmy = sin™ [xy1-y? +yvV1-x? |

Proof:

LetA=sin" x .. x=sinA

LetB=sin"y .. y=sinB

We know sin (A+B) =sin Acos B + cos Asin B

=sin A y1-sin?B + y1-sin?A sinB
=xy1-y? + V1-x?y
A+B=sin™ [x4/1-y? +yvV1-x?]
i.esintx+sinty = sin™ [xy1-y? +yV1-x?]
5.3 WORKED EXAMPLES

PART-A

1) Find the principal value of
(i) cos™ [g} (ii) sin™ [%J

(i) tan* [— %J (iv) cos™ (_ %j
(v) cosec™(-2)
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Solution:

i) Let x = cos’

B
2
COSX:§

cos X = cos 30°
s x=30°

. cos™ g =30°

. o .aq 01
i) Let x = sin ﬁ
..o sin x= L
V2
sin x=sin 45°
s X=45°

- osint (%] = 45°

iii) Letx =tan™ (Llj

V3

1
stanx=-—
3

tan x =-tan 30°
tan x = tan (-30°)
x =-30°

iv) Let x = cos™ (— %)

1
S COSX= ——
2

COoS X = -cos 60°
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cos x = cos (180°-60°) = cos 120°
~ox=120°

v. Let x = cosec™ (-2)
s.cosecx=-2

cosec x = -cosec 30°

cosec x = cosec (-30°)

~ox=-30°

~.cosec™ (-2) = -30°

2) Prove that tan™ Dt [2) ztant (1L
3 5 13

Solution:

We know tan™ x + tan™ y = tan™ [ Xty J

1-xy
1.2
~tan™ (1) + tan'l(g) —tant|_—3_5 _
3 > 1- @)
3"'5
5+6
ol |15
T
15
=tan™ 1
13
=RHS
3) Show that tan™ x+tan™ [Ej —
X 2
Solution:
LHS =tan? x + tan (1)
X

=tan™ x + cot’ x using properity (2)

N

using properity (4)

150



_ 2
1) Show that 2tan™x = cos™ 1 X2
1+x

Solution:

Letx =tan 0 .0 =tan™ x

_ 2
LHS = cos™ ! X2
1+ X

g {1—tan2 e}
=cost | ———

1+tan®0

= cos™ [c0s26]

=20
=2tan™ x
=LHS
_ 3
2) Show that tan™ 3x X2 = 3tan™ x
1-3x
Solution:
Let=tan® ..0 =tan'x
_ 3
LHS = tan™ | X x2
1-3x

_ 4 |3tan6-tan®e

=tan — >
1-3tan“6

= tan™ [tan 36]

=36

=3tan" x=R.H.S
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3) Show that 2 tan™ 2] (22
3 15

Solution:
LHS =2tan™ @]

— + —
using properity (5)

= tan™ [1—j =RH.S
4 8
4) Evaluate tan | cos™ | —
17
Solution:
Let cos (ij = (1)
17
A
Cos 6 = i 1
17 17
tand = _opp =AB B =
adj BC 8
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O
225
15

2(8Y) . 1(15
From (1) and (2) cos (E) =tan (?]

Taking ’'tan’ on both sides

tan | cos™ 8 =tan [tan'lg] - 15
17 8 8

EXERCISE
PART-A
Find the value of the following:
1. 3sin 10° - 4sin®10°
2. 4sin®20° - 3cos 20°

3tan20° - tan® 20°
1-3tan?20°

4. If sinA= % (A being acute) find sin3A

5. Ifcos0 = g (6being acute) find cos36

If tan 6 = 3, find tan36

Express in the form of a sum or difference.
l. 2sin 46 cos 26
Il. 2cos 86cos 66
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1. 2cos 6A sin 3A

V. 2sin 60 sin 26

V. cos % sin A
2 2

VI.  sin % cos %
VII. cos (60+a) sin (60- a)
8. Express is the form of a product.

I sin 13 A + sin 5A

II.  sin13 A- sin5A

M. cos 13 A + cos 5A

V. cos 13 A - cos 5A

V.  sin52°-sin 32°

VI.  sin50° + cos 80°
VIl.  sin 20° + cos 50°
VIl cos 35° + sin 72°
Prove the following :
9. sin 10° + sin 50° —sin 70° = 0
10. sin 20° + sin 40° — sin 80° = 0
11. sin 78° —sin 18° + cos 132° =0
12. Cos 80° + cos 40° —cos 20° =0
13. Cos 52° +cos 68° + cos 172° =0
14. Cos 40° + cos 80° + cos 160° = 0
Prove the following:
15. Sin 50° + sin 10° = cos 20°

16. Cos 10° + cos 70° = +/3 cos 40°
17. Sin A + sin (120°+A) — sin (120°-A) = 0
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18
19

20.

21.

22.

23.

24.

. Sin A + sin (120°+A) + sin (240°+A) = 0
. Cos A + cos (240°-A) + cos (240°+A) =0

sin3A —sinA

—————————— =COt2A
c0os3A —cosA

sin7A —sin5A
———=tanA
cos7A +CcosbA

sin3A + S|-nA —tan2A
cos3A +sinA

- 2

cosB —cosA A+B
- - =tan
sinA —sinB

Find the principal value of

i) Sin‘l(%j

0 sm—l(gj

i) sin(~1)

v) sm—l(_%j

v) Cos™(0)
ooy

vii tan"1{y3)

viii) sec—l(_%J
iX) cosec‘l(—\/E)
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Prove the following:

25. Sin *(x) + sin™ 1
X
26. tan * [gj +tan™ (
4
27. Sin* (\/1— xzj =cos™ x
28. Sec™ (\11+ xzj =tan™ x

N |3

~N| -

j =tan™(1)

PART - B

Prove the following:
1) S|.r136 + cos 30 — 4 cos 20

sin® cos o
2) cos3A —s!nSA —1-2 sin 2A

COSA +sSinA

sin3A +sin® A
3) ©€0s®A-cos3A = cor A
4) Prove that 1-cos3A _ (1+2 cos A)?

1-cosA
5) Prove thatﬂ = cos A and hence
2c0s2A -1

deduce the value cos15°
6) Prove that 4 (cos®10°+sin®20°) = 3 (cos 10° + sin 20°)
7) Prove that 4 sin A sin (60° + A) sin (120° +A) = sin 3A

J3

8) Prove that sin 20°sin 40° sin 80° = 5
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9) Prove that sin 10° sin 50° sin 70° =

|

10) Prove that 4 cos 0 cos (60°-8) cos (60°+0) = cos30
11) Prove that sin 10° sin 30° sin 50° sin 70° = %

12) Prove that sin 20° sin 40° sin 60° sin 80° = %

13) Prove that Cos 10° cos 30° cos 50° cos 70° = %

14) Prove that cos 20° cos 40° cos 60° cos 80° = %
15) Prove that tan6 tan (60°+6) tan (60°-0) = tan 30
16) Prove that tan 20° tan 40°tan 80° = V3

Sin2A + sin5A —sinA

17) Prove that =tan 2A
COS2A + CosS5A + cosA

18) Prove that CO,S 2A + CC,JSSA - C_OSA =cot 2A
Sin2A + sin5A —sinA

SinA + sin3A + sin5A +sin7A
COSA +cos3A + Ccos5A +cos7A

=tan 4A

19) Prove that

20) Prove that (Cos o + cos B)2 + (sin o -sin B)° = 4 cos® < ;B
21) Prove that (Cos o - cos B)* + (sin o + sin B)° = 4 sin’ a; B
22) Prove that (Cos o - cos B)* + (sin o - sin ) = 4 sin® OL;B

23) If sinx + siny =a and cos x + cos y = b, prove that

2 ( X=Y 4
sec? | =—2 |=
( 2 j a?+b?
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24) If sinx - siny =a and cos x - cos y = b, prove that

2 ( X=Y 4
sec =
( 2 j 4-a%-p?

25) If sin x-siny = a and cos x —cosy = b, prove that

_ 2 12
tan? (X y]= a :b -
2 4-a°-b

26) Prove that sin® 6 + sin® (120+0) + sin® (120-0) = %

27) Prove that cos® A+cos’ (A+120) + cos’ (A-120) = %

Prove the following:

28) 2tan™ x = sin™ ( szj
1+x

29) 2tan™ x = tan'l( ZXZJ
1-x

30) tant x —tan™y = tan™ ( X~y J
1+xy

31) sin™ x - sin™y = sin™ [x\/l— y? —yy1- xz}
32) cos™'x + cos™y = cos™ [xy —1-x21-y? }
33) cos'x - cos™y = cos™ [xy +1-x%1-y? }
34) tan™ J—LCOSX =X

1+cosx 2
35) 2tan™ Lot [3

3 4
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36) Evaluate cos |sin™ S
13

37) Evaluate cos sint2 4 sin 2 12
5 13

ANSWERS
PART-A
1 44
1) — 2) — 3) 4/3 4) —
) 3 ) ) V3 ) o
9
6 _—
) 13

7) (i) sin 66 + sin 20
(i) cos140+cos26
(i) sSin9 A—sin 3 A

(iv) cos 46 - cos 8 6

(v) % [sin2A — sinA]

(vi) % [sin 6 A + sin A]

8) (i) 2sin 9A cos 4A
(i) 2cos 9A sin 4A
(iii) 2cos 9A sin 4A
(iv) -2sin 9A sin 4A
(v) 2cos42° sin 10°
(vi)2sin30°c0s20°
159
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5) ==L
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(vii)2sin30°cos20°

(viii) 2 cos 520 cos 17
24) (i) % i) g
. 37 T
Vi) " Vii) 3
1
35
&2

.n —TT . -7 T
1) — V) — V) —
)3 ) 3 )2
.y TT . -7
Vi) — IX) —
) 5 ) 1
PART - B
36) =2 37) >3
13 65
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MATHEMATICS — |
MODEL QUESTION PAPER -1

Time : 3 Hrs (Maximum Marks: 75)

10.

11.
12.

PART — A
(Marks: 15 x 1 =15)

Answer Any 15 Questions

X 2X

3 2x =0

Solve

1 1 1
Find the Value| a b c |=0
b+c c+a a+b

14 4 5 .
IfA= , B= FindAB
10 7 -2

3 -4
Find the adjoint Matrix of [1 5 J

Find the value of 10C,
Find the general term of (3x — y)?

Expand (1 + x)2upto three terms when |x| <1

. +1 . . . . _
Split ) into partial fraction without finding the constant

X
X(X+1

Find the value of ‘m’ if the lines 2x+my = 4 and x + 5y-6=0 are
perpendicular

Find the combined the equation of the lines 2x + 5y = 0 and x +
3y=0

Show that the pair of lines x - 8y + 16y* = 0 are parallel

Write down the condition for the equation ax® + 2hxy + by + 2gx

+ 2 fy + ¢ = 0 to represent a pair of straight lines.
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13. Show that sin (-330)° x sin 420° = \/g
14. Find the value of cos50° cos40° - sin50° sin40°
15. Iftan A=% tan B=% Find tan (A + B)
16. Find the value of 2 sin 75° cos75°
17. If sin@ = 1/3, findthe value of sin 3 6
18. Find the value of 4c0s’10° - 3cos 10°
Sin2A -sin2B

19. Showthat ———  — = -cot (A+B)
C0s2A —-cos?2B

20. Show that tan™

2X2 =2tan* x
1-x

PART - B
(Answer Any TWO subdivisions in each question)
All Questions carry Equal Marks

5x12=60
2la.  Solve by using Cramer’s Rule
X+y+z=3, 2X-y+z=2 and 3x+2y-2z=3
1+x 1 1
b Shortthat | 1 1+x 1 |[=x*(x+3)
1 1 1+x

3 -2 1
c. Findtheinverseof|-4 1 -

2 0 1

11
22.a  Find the middle terms in the expansion of (xs‘ +£3j
X

b  Find the term independent of x in the expansion of (2x*+1/x)"?

c. Resolve _X=e in to partial fraction
X(X+5)(x—6)
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23.a. Find the angle between the lines 7x+ 2y = 1 andx-5y=0

b. Find the separate equation of the pair of straight lines
9x*+12xy+4y*=0 . Also prove that the lines are parallel.

¢ Show that the equations represented by2x’> — 7xy + 3y” + 5x —
5y + 2 = 0 is a pair of straight lines

1 . 1 i
24.a.1f sin A= — and sin B — prove that A+B=—
V10 V5 4

b. If A+B = 45° Prove that (1 + tanA) (1 + tanB) = 2 and hence

deduce the value of tan 22%

sin 2A+ sin A
=tanA
1+cos 2A+ cosA

c.Prove that

25.a.Prove that sin20°sin40°sin60°sin80°%
b.Prove that (cosa—cos6B)?(sina — sinB)?= 4 sin {(XT_B}

X_
c. Show that tan'l{ y} =tan! x+tanty
1+ xy
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MODEL QUESTION PAPER -2

Time : 3 Hrs (Maximum Marks: 75)

10.

11.

12.

PART — A
(Marks: 15x 1 = 15)
Answer Any 15 Questions
x-2 0
X—2

Find x if

X 2X 3X
Prove that|[4x 5x 6x/ =0
7X 8X 9x

IfA:[S 4jFinolA2
-2 -1

1 -1
Find the inverse of ( ]
-2 0

Find the 11" term of (3x2 + 1] 20
X

How many middle terms are in the expansion of (5x-y)9
Write the first three terms in the expansion of (1-x)?
3

Without finding the constants split >
(x+2)(x* +1

in to partial

fraction

Find the perpendicular distances from the point (2,1) to the
straight line 3x+2y+1=0

Write down the condition for the pair of lines given by
ax*+2hxy+by? = 0 to be parallel

Find ‘a’ if the lines represented by3x’+4xy+ay’ = 0 are
perpendicular

State the expression for angle between pair of line given by
ax*+2hxy+by” +2gx +2fy+c=0
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13.
14.

15.

16.
17.
18.
19.

20.

21 a)

b)

c)

22.a)
b)

c)

Find the value sin 15° without using tables or calculator
Find the value of cos40°cos 10° + sin 40° sin 10°
tan22+tan23

1-tan22tan23

Prove that ﬂ =tanA
1+cos2A

Find the value of 3sin10° - 4 sin>10°

Simplify

If Cos A= % find the value of cos3A.
Show that Cos20° + Cos100° + Cos140° =0

2X2 =2tantx
1+x

Show that sin™

PART-B
(Answer any two subdivision in each Question)
All Questions carry Equal Marks

5x12=60

Solve the equations 4x+y+z=6,2x-y-2z = -6 and x+y+z=3,
using Cramer’s rule
x+a b C
Provethat | a x+b ¢ |=x?(x+a+b+c)
a b x+c

If A= ( 34 _zsj show that A> — 5A — 141 = 0

Find the middle terms in the expansion of (2x+1/x)13

Find the term independent of ‘X’ in the expansion of

7x—4 . . .
Resolve —————— in to a partial function
X
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23.a)

b)

24.a)

b)

c)

25.a)

b)

c)

Derive the expression for angle between two lines y=m;x+c;
and y = myx+c,

If the slope of one of the straight lines ax® + 2hxy + by® = 0 is
twice that of the other show that8h? = 9ab

Find the value of ‘A’ so that the equation 3x*+14xy+8y*—8x—
2y+A = 0 represents a pair ofstraight lines.

. 3 12 .
If sin A = o cos B=E, find the values of sin (A-B) and cos
(A-B)
If A + B = 45° Prove that (cot A-1) (cot B -1)=2. Also find the

value of cot 22%

Show that M =tan6/2
1+sin 6+cos6

cos® A-cos® A . sin® A+sin3A
COsA sin A

Prove that 3

If a=sinA + sinB, b = cosA + cosB, Show that

2A-B _ 4-(a® +b?)

ta
2 a? +b?
_y3
Show that tan™ 3x X2 =3tantx
1-3x
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MATHEMATICS -l
UNIT — |

CIRCLES

1.1 Equation of circle — given centre and radius. General Equation of
circle — finding center and radius. Simple problems.

1.2 Equation of circle through three non collinear points — concyclic
points. Equation of circle on the line joining the points (x4,y;) and
(X2,Y») as diameter. Simple problems.

1.3 Length of the tangent. Position of a point with respect to a circle.
Equation of tangent (Derivation not required). Simple problems.
1.1 CIRCLES
Definition:
The locus or path of a point P(x,y) which is at a constant distance
‘r from a fixed point C(h,k) is called a circle.

The fixed point C(h,k) is called centre and the constant distance
is called the radius of the circle.

P (x.y)

Fig (1.1)
1.1.1 Eqution of a circle with centre (h,k) and radius r:

Let the given centre and radius are C(h,k) and 'r’ units. Let P(x,y)
be any point on the circle. From Fig (1.1.) CP=r

ie {/(x—h)2 +(y k)2 =r (using distance formula)
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(x=h)* +(y —k)? =r? 1)

Note: When centre is at the origin (0,0) the equation (1) becomes
x*+y?’=r’. i.e. the equation of the circle with centre at the origin and
radius ‘r’ units is X*+y*=r’.

1.1.2 General Equation of the circle.

The general equation of the circle is

x2+y? +2gx+2fy+c =0 2)
Equation (2) can be re written as

X2 +2gx+g% +y® +2fy +f2 =g? +f2 —c (or)

(x+9)%+(y+f)2 =g>+f%>—c

[x— (-g)] 2 +[y - (-)]? =(\/92 12 —cjz 3)

Equation (3) is in the form of equation (1)

~. The eqution (2) represents a circle with centre (-g,-f) and radius

Vg% +f2 —c.

Note:

(i) Coefficient of x* = coefficient of y*

(i) Centre of the circle = [—%coefficientof x,—%coefficientof y}

(i) Radius = g® +f% -c
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WORKED EXAMPLES

PART - A
1) Find the equation of the circle whose centre is (2,-1) and radius 3
units.
Solution:

Equation of the circle with centre (h,k) and radius 'r’ is

(x=h)? +(y —k)? =r? (hk)=(2,-1) r=3
L(x=2)% +(y +1)? =32 X2 +y2 —4x +2y — 4=0

2) Find the centre and radius of the circle x> +y? —6x+4y+2=0

Solution:
Here 2g =-6 and 2f = 4
g=-3 f=2

Centre is (-g,-f)
Centre (3,-2)

1= (=32 +2%2-2

Lr= \/ﬁunits
PART - B

1) If 3x-y+5 = 0 and 4x+7y+15=0 are the equations of two diameters
of a circle of radius 4 units write down the equation of the circle.

Solution:

Given diameters are
3x-y+5=0 Q)
4x+7y+15=0 2)
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-

Solving (1) and (2) we get x=-2 and y = -1
.. centre (-2,-1) given radiusr = 4

.. Equation of the circle is

(x=h)? +(y —k)?=r?

(X +2)? +(y +1)* =42

i.e. X2 +y2+4x+2y-11=0

2) Find the equation of the circle whose centre is (5,-7) and passing
through the point (3,-3)

Solution:
AQB,-3)

Let the centre and a point on the circle be C(5,-7) and A (3,-3)

~Radius =CA=1/(5 - 3)% + (-7 + 3)?

r=v4+16 r=+20
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Equation of circle is (x —h)? +(y —k)? =r?
(h,K) = (5,-7) r=+20 ? =20
~(X=5)? +(y+7)*=20

x2 —10x + 25+ y? +14y + 49 - 20=0

i.e. x?+y?-10x+14y +54=0

1.2 CONCYCLIC POINTS
If four or more points lie on the same circle the points are called

concylic points.
1.2.1 Equation of circle with end points of a diameter

Let A(X1,y1) and B(Xy,Y,) be given two end points of a diameter.

Let P (x,y) be any point on the circle.

P(xy)

Ay,

B(x..Y2)

Fig (1.2)
i.e ZAPB=90" (-Angle in a Semi—circle is 90°)
AP LPB
. (slope of AP) (slope of PB) = -1
(e

X=X \ X=X,
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ie. (Y =y (Y —Y2)=—(X=X) (X = X;)
ie (X=X)(X=X3)+(Y - Yy)(Y-Y2)=0

is the required equation of the circle.

WORKED EXAMPLES

PART - A
1) Find the equation of the circle joining the points (1,-1) and (-2,3)
as diameter
Solution:

Equation of the circle is
(X=Xx1) (X =X2)+(y = Y1) (y —¥2)=0
(xy)=@1-1)  (xz,¥2)=(-23)
S(x=D(x+2)+(y+DH(y-3)=0
x> +y?+x-2y-5=0

2) Find the equation of the circle joining the points (a,0) and (0,b) as
diameter

Solution:

Equation of the circle is
(X=X) (X =Xz) +(y —y1)(y —¥2)=0
(X1, y1)=(a,0)and(x,,y,)=(0,b)
~(x—a)(x-0)+(y-0)(y—-b)=0
x2+y? —ax—-by=0

172



PART - B

1) Find the equation of the circle passing through the points (1,1),
(1,0) and (0,1)

Solution:
Let the equation of the circle be
x2 +y? +2gx + 2fy +c=0 (1)
(1,2) lieson (1) i.e
12 +12 + 29(1) + 2f(1) + ¢ =0
2g+2f+c = -2 (2)
(1,0) lies on (1)
i.e 12 +0%+2g(1) + 2f(0)+¢c=0
2g+c=-1 (3)
(0,2) lies on (1)
i.e 0% +12 +2g(0)+2f(A+c=0
2f+c=-1 4
2g+2f+c =-2
29+0+c=-1
(2)-@B)=>  0+2f+0=1

2f=-1 f=-=
2

Substitute f:—% in (4)

2(—1j +c=-1
2
-1+c=-1 ..c=0
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Substitute c= 0in (3)

20+0=-1
gL
2

.. Equation of the circle is
2 2 -1 -1
X +y +2 —Xx+2] — |y+0=0
)

ie. x2+y?>—x-y=0
2) Find the equation of the circle passing through the points (0,1) ,
(4,3) and having its centre on the line 4x-5y-5=0

Solution:

Let the Equation of the circle be
x2 +y? +2gx+ 2fy +c =0 1)
(0,1) lies on (1)
i.e 0%2+1%+2g(0)+2f()+c=0
2f+c =-1 2
(4,3) lies on (1)
i.e. 4% +32+29(4)+2f(3)+c=0
8g+6f+c=-25 3)
Centre (-g,-f) lies on the line 4x-5y-5=0
i.e 4(-g)-5(-f)-5=0 (4)
-4g+5f=5
2f+c=-1
8g+6f+c=-25
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@-03)= -8g-4f +0=24

49+ 2f=-12 (5)
(4) + (5) gives;
-4g+5f =5
49+2f =-12
0+7f=-7
7f=— ~f=-1
Substituting f=-1in (5)
4g-2 (-1) = -12
-10 . -5
4g9+2=-12 4g=-10 Sg= — e, =
g g g 2 g 5
Substituting g:_?, f=-1in (3)
-5
8(7)+6(—1)+C=—25
-20-6+c=-25 c=-25+26 c=1

.. Equation of the required circle is

x*+y?+ 2[_—25jx +2(-)y+1=0

x2 +y? —5x -2y +1=0
3) Show that the points (4,1), (6,5) (2,7) and (0,3) are concyclic
Solution:
Let the equation of the circle be x? +y? +2gx+2fy +c =0 1)
(4,1) lies on the circle (1)
4% +12 +29(4)+2f() +c=0

8g+2f+c=-17 (2)
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(6,5) lies on the circle (1)

- 62 +5%+29(6)+2f(5)+c=0

12g+10f+c = -61 (3
(2,7) lies on the circle (1)

22472 +29(2)+2f(7)+c=0

4g+14f+c = -53 (4)
(3)—(2) > 4g +8f =-44 (5)
(3)-(4) = 8g — 4f = -8 (6)

Solving (5) and (6) we get g=-3 and f=-4
Substituting g = -3, f=-4in (2)

8(-3) + 2(-4)+c =-17

C=-17+32=15
.. Equation of circle passing through the three
points (4,1) (6,5) and (2,7) is

X% +y? +2(=3)x + 2(-4)y +15=0

x2 +y2 —6x -8y +15=0 7
Substituting the fourth point (0,3) in (7)

02 +32-6(0)-8(3)+15=0

9-24+15=0 . 24-24=0
- (0,3) also lies on (7)

Hence the given four points are concyclic.
1.3.1 Length of the Tangent to a circle from a point (x1,y1)
Let the equation of the circle be x2+y?+2gx+2fy+c=0and

the point A(X1,y,) lies out side the circle.
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We know that the centre is C(-g,-)

BC=r=4g?+f?>-c

fig (1.3)

AXy.Y1)
From the fig (1.3)

A ABC is a right angled triangle.

. AB? +BC?=AC?

AB? = AC?-BC?

AB? =(x, +9)* +(yy +)* = (g% + % —¢c)

AB? =x? +y? 4+ 2gx, + 2fy; + C

AB:\/xf +yZ +2gx, +2fy, +¢

and

radius

Which is the length of the tangent from the point (x,y;) to the

circle x? +y? +2gx+2fy+c=0

Note:

(i) If AB >0, A(xy,y1) lies out side the circle.
(i) If AB <0, A(Xy,Yy) lies inside the circle.
(iii) 1If AB =0, A (Xq,y1) lies on the circle.
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1.3.2 Equation of the Tangent to a circle at the point (x1,y1) on
the circle (Results only):

Given equation of circle is x2 +y? +2gx +2fy +c=0

The point A (X4,y1) lies on the circle.
ie X2 +y?+2gx, +2fy; +c=0

From fig (1.4) AT is the tangent at A. We know that centre is
C(-g,-f).

Ax,,y,)

fig (1.4) T

Slope of AC = yitf
X1+9

Since AC is perpendicular to AT
_(x +9)
(yp+f)
-.Equation of the tangent AT at A(Xy,y.) is
Y-y =m(X—X;)

Slope of AT=m =

y— yl:_(xl i gj(x - X;) on simplification, we get
y, +f

XX+ YY1 +9(X+X)+f(y+y;)+c=0

Note: The equation of tangent to the circle x? +y? =r?at (X.,y1) is

obtained by substituting g=0, f=0 and c=-r* in the above equation to
tangent
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=~ OkXg + Y, +0(X+X,) +0(y +y,)-r?>=00
ielkx, +yy;=r? 0
1.3.2 RESULTSO
1)0 Equationfofihefangentiblaldircle@t@apoint{x,,y,;) (s
XX +YY; +9(X + x1) + f(y + y,) +¢=00
2)0 Lengthoflthefangentfromfhepoint{x,,y,)biheldircle
X% +y% +2gx +2fy +c=0 is[\/xf +y2 +2gx, + 2fy, +¢ O

Note:

(1)theequation[bfthetangenttolthetirclek*+y* Bt Cat{xy,y; ) OsO
XXy +Yyy; =r? 0

(2)Ofx2 +y? + 2gx, + 2fy; +¢ >0 thendhelpoint{x,,y;)dies[outsidehe

circle.OJ
(3)f0xZ +y? + 2gx, + 2fy, + ¢ =0 thenCtheOpointC(x,y,) CliesdonCthe

circle.O
(4)OFK? +y? + 2gx, + 2fy, +¢ <0, thenhelpoint[{x,,y;)Mieslinsidefhel]

circle.m
O

WORKED EXAMPLES
PART - A
1)0 Findthelengthofifhefangentfrom((2,3)fothelgircle]
X2 +y? —2x+4y +1=0

Solution:

Length@f%e[ﬁhngent@pﬂ\/xf +y2 +2gx, +2fy, +¢ [

=22 +32 - 2(2)+4(3)+100

=J4+9-4+12+10

=4/22 unitsd
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2) Show that the point (9,2) lies on the circle
x% +y? —6x-10y —11=0

Solution:
Substitute (9,2) on the circle x? +y? —6x —10y —11=0
9% +22 -6(9)-10(2)-11=0
81 + 4-54-20-11=0. .. 85-85=0
.. the point (9,2) lies on the circle.
3) Find the equation of the tangent at (-4,3) to the circle x? +y? =25

Solution:
Equation of tangent is xx,+yy;=r°
- X(-4) +y(3) =25
-4x+3y =25
4x-3y+25 =0

PART - B
1) Find the equation of the tangent at (4,1) to the circle
x% +y? —8x -6y +21=0
Solution:
Equation of the tangent at the point (x1,y,) is
XX, + YY1+ 09X+ X))+ f(y+y,)+c =0
Given x% +y? —-8x -6y +21=0
2g = -8, 2f=-6 c=21 (X1,y1) = (4,1)
g=-4 f=-3
X(4)+y@) + (-D)[x + 4K (-3)y +] +(21)=0
4(X)+y—-4x-16-3y-3+21=0

2y+2=0 2y-2=0 ~y-1=0
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Equation of the tangentisy -1 =0

2) Find the equation of the tangent to the circle (x+2)* + (y-1)* = 5 at
(-1,-1).

Solution:

A-1,-1)

Equation of the circle in(x+2)? +(y-1)? =5
i.e x2+y%+4x-2y=0
Here 2g=4 2f=-2
g=2 f=-1 c=0
. Equation of the tangent is xx; + yy; + 9(x + X;) + f(y +y;) +¢=0
e, x(-D+y(-D)+2(x-1)-1Ay-1)=0
—X-y+2x-2-y+1=0 x-2y-1=0

EXERCISE
PART — A

1. Find the equation of the circle whose centre and radius are given
as

() (3,2); 4 units (ii) (-5,7) , 3 units

(iii) (-5,-4); 5 units (iv) (6,-2), 10 units
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10.

11.

12.

Find the centre and radius of the following circles:

() x%*+y®>-12x-8y+2=0 (i) x? +y% + 7x+5y-1=0

(i) 2x? + 2y? —6x +12y - 4=0 (iv) x? + y2 =100

Write down the equation of circle whose centre is (h,k) and radius
‘r' units.

Write down the centre and radius of the circle
x2+y2 +2gx+2fy+c =0

Find the centre and radius of the circle (x —2)? +(y +3)? =16

Find the equation of the circle described on line joining the
following points as diameter:

() (3,5)and (2,7) (ii) (-1,0) and (0,-3)
(iii) (0,0) and (4,4) (v)  (-6,-2) and (-4,-8)

Write down the equation of the circle whose end points of the
diameter are (X1,y1) and (X,Y»)

Write down the expression to find the length of the tangent to the
circle x? +y? + 2gx + 2fy + ¢ = 0 from the point (X1,y1)

Write down the equation of the tangent to the circle

x2 +y2 +2gx + 2fy + ¢ = 0 at the point (X1,y1).

Find the length of the tangent from the point (2,1) to the circle
X2 +y2 +2x + 4y +3=0

Show that the point (-3,-4) lies inside the circle

X2 +y? +2x+y—-25=0

Show that the point (-1,-7) lies on the circle
X% +y? +15x+2y—-21=0
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1)

2)

3)

4)

5)

6)

7

8)

)

PART - B

x+2y=1 and 3x-4y=3 are two diameters of a circle of radius 5
units. Find the equation of the circle.

Find the equation of the circle two of its diameters are 3x+4y=2
and x-y =3 and passing through (5,-1)

Find the equation of the circle passing through the points (5,2),
(2,1), (1,4).

Find the equation of the circle passing through the points (6,0)
and (-1,-1) and having its centre on x+2y+5=0

Prove that the points (3,4), (0,5),(-3,-4) and (-5,0) are concylic
Find the equation of the tangent at (2,4) to the circle
x> +y? +2x-4y-8=0

Find the equation of the tangent at (-7,-11) to the circle
x2 +y2 =500

Show that the point (1,-4) lies on the circle
x2 +y? —12x+4y +11=0 Also find the equation of the tangent at
(11-4)'

ANSWER
PART - A

(i) x% +y? —6x -4y -3=0
(ii) x2 +y? +10x —14y + 65=0
(iii) x% +y% +10x +8y +16=0

(iv) x2 +y% -12x + 4y -60=0
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@ () (64), 50 0 (‘—7 ‘—5]; ML

22 2

(iii) @,-3} @ (iv) (0,0); 10.

(5) (21'3)1 4
(6) () X% +y? -5x-12y +41=0

(i) x> +y?+x+3y=0
(i) x? +y? —4x—4y=0

(iv) x> +y? +10x +10y + 40=0

(10) 4 units
11  J-10

PART - B
1) x2+y?-2x-24=0 6) 3x+2y-14=0
2)  x2+y?—4x+2y-4=0 7) 7x+1ly+170=0
3) x2+y2-6x-6y+13=0 8) 5x + 2y +3=0

4)  x*>+y?-6x+8y=0
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UNIT- I
FAMILY OF CIRCLES

2.1 Concentric circles — contact of circles (internal and external
circles) — orthogonal circles — condition for orthogonal circles.
(Result only). Simple Problems

Lt n _ n
2.2 Limits:Definition of limits - X 78 _pat
X—>a Xx-a
Lt i Lt
Lne:l fan® =1 (6 in radian)
6—>0 © 6—0 0

[Results only] — Problems using the above results.
Differentiation:

2.2 Definition — Differentiation of x", sinx, cosx, tanx, cotx, secx,
u :
cosecx, logx, €*, u = v, uv, uvw, — (Results only).  Simple
%

problems using the above results.

2.1. FAMILY OF CIRCLES
2.1.1 Concentric Circles.

Two or more circles having the same centre are called concentric
circles.

£

Fig (2.1)
Equation of the concentric circle with the given circle

X2+yP+2gx+2fy+c = 0 is X°+y*+2gx+2fy+k = 0
(Equation differ only by the constant term)
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2.1.2 Contact of Circles.

Case (i) Two circles touch externally if the distance between their
centers is equal to sum of their radii.

i.e. CiCr=r +1;

Fig (2.2)

Case (ii) Two circles touch internally if the distance between their
centers is equal to difference of their radii.

i.e.CiCa=r1-rp(ON) ra- 1y

T

Fig (2.3)
Orthogonal Circles

Two circles are said to be orthogonal if the tangents at their point
of intersection are perpendicular to each other.
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2.1.3 Condition for Two circles to cut orthogonally.(Results only)
Let the equation of the two circles be
X +y? +2g:x + 2fly + ¢, =0
X%+ Y2 + 20X + 2fy + €, =0

They cut each other orthogonally at the point P.

The centers and radii of the circles are
A (-g1,—f),B(-g2, - f2)

AP:rl:\lglz+f12—c1 and BP:rZ:\Igzz+f22—c2

From fig (2.4) A APB is a right angled triangle,

AB® = AP? + PB?
i€ (-91+ 0+ (fi+f) =g +f —ci+ g+ —c,
Expanding and simplifying we get,

20:9, + 2fif, = ¢, + ¢, is the required condition for two
circles to cut orthogonally.

Note: When the center of any one circle is at the origin then condition
for orthogonal circles is ¢;+c,=0
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2.1 WORKED EXAMPLES
PART — A

1. Find the distance between the centre of the circles
X +y?—4x+6y+8=0and x* +y’—10x -6y + 14 =0

Solution:
X +y' —4x+6y+8=0 andx’+y’—10x-6y+14=0
centre: c1(2,-3) ¢, (5,3)

~.Distance= cc, = \/(2 -5)2 +(-3-3)?

€€y = J45
2.  Find the equation of the circle concentric with the circle
x?+y?—25 = 0 and passing through (3,0).
Solution:
Equation of concentric circle with
X +y*—25=0is

X +y +k=0 which passes through (3,0)
ie. 32+0%+k=0
k=-9
-.Required Equation of the circle is
x> + y2 —-9=0

3. Find whether the circles x* + y* + 15 = 0 and
x? +y* — 25 = 0 cut orthogonally or not.
Solution:
When any one circle has centre at origin, orthogonal condition is
ci+c,=0
i.e.15-25+#0
Given circles do not cut orthogonally.
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PART - B
1. Find the equation of the circle concentric with the circle
x? +y* — 4x + 8y + 4 = 0 and having radius 3 units.
Solution:
Centre of the circle X* + y* — 4x + 8y + 4 = 0 is (2,-4).

..Centre of concentric circle is (2,-4) and radius r = 3. Equation
of the required circle is

(x—h)?+(y-k)?=r°
(x=2)"+(y +4)° =3
XC—4x+4+y +8y+16=9
X2 +y?—4x+8y+11=0
2. Show that the circles x> +y* — 4x — 6y + 9 = 0 and
X? +y? + 2x + 2y — 7 = 0 touch each other.

Solution:
Given circles
X +y —Ax—6By+9=0and X’ +y +2x+2y-7=0
centre: ¢, (2,3) c,(-1,-1)
radius:

n=v22+3%-9 =402 +12+7
rn=2 r,=3
Distance:
c,  =y(2+1)7 +(3+1)

=432 4+ 42
=425
ciC, =5

CiCr=r1+12
.. The circles touch each other externally.
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3. Find the equation of the circle which passes through (1,1) and
cuts orthogonally each of the circles
X +y*-8x-2y+16=0and xX° +y* - 4x - 4y - 1 = 0.

Solution:
Let the equation of circle be x* + y* + 2gx + 2fy + ¢ =0 1

This passes through (1,1)
i.e. 1°+1% + 2g(1) + 2f(1) +c =0
2g+2f+c=-2 2
Equation (1) orthogonal with the circle
X +y?-8x-2y+16=0
20:1=29 2f,=2f
9:=9 f,=f
29,=-8 2f,=-2
g.=-4 f=-1
by orthogonal condition
20:0.+ 2fif,=c1+ ¢,
i.e. 29(-4) +2f(-1)=c + 16
-89 -2f—c =16
8g +2f+c=-16 3
Equation (1) orthogonal with the circle
x2+y2—4x-4y-1:0
ie. 2g(-2)+2f(-2)=c-1
-4g—-4f—c=-1
4g+4f+c=1 4
3)-@
8g+2f+c=-16

Cc,=C

Cc,=16

29+2f+c=-2
69 =-14

-14
g:_
9:?
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4)-()
4g+4f+c=1

20+2f+c=-2
2g+2f =3

i.e. putg= _?7 in (5)

2("—7j +2f=3
3

2f:3+E
3

_2
6

f

Substitute g = _?7 and f = 2—63 in (O

{242

Simplifying we get ¢ = _T15

. Required equation of circle is

X2 +y?+2 LA N y—E=O
3 6 3

2 .2 14 23 15
X +y ——X+—y-—=0
Y 3 3 Y 3

or
3x% +3y? —14x+23y-15=0

2.2 LIMITS

Introduction

The concept of function is one of the most important tool in
calculus. Before, we need the following definitions to study calculus.
Constant:

A quantity which retains the same value throughout a
mathematical process is called a constant, generally denoted by
ab.c,...
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Variable:

A quantity which can have different values in a particular
mathematical process is called a variable, generally denoted by
X,¥,Z,U,V,W.

Function:

A function is a special type of relation between the elements of
one set A to those of another set B Symbolically f: A —» B

To denote the function we use the letters f,g,h.... Thus for a
function each element of A is associated with exactly one element in
B. The set A is called the domain of the function f and B is called co-
domain of the function f.

2.2.1. Limit of a function.

Consider the function f: A — B is given by

x? -1
f(x)= . when we put x = 1
X_

We get f(x)= % (Indeterminate form)
But constructing a table of values of x and f(x) we get
X 0.95 0.99 1.001 1.05 11 1.2
F(x) 1.95 1.99 2.001 2.05 2.1 2.2

From the above table, we can see that as ‘x’ approaches (nearer)
to 1, f(x) approaches to 2.

Lt x*-1_
x—>1 x-1
We call this value 2 as limiting value of the function.

It is denoted by

2.2.2 Fundamental results on limits.
Lt Lt

1) a[f(x)i- g(x)] = af(x)i < ag(x)
20 el f), Do
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3) x >ag(x) Lt olx)
X—a
Lt Lt
4 Kf(x)=K f
) X—a %) X—a )
5) If f(x)s g(x) then
BTN
X—a X—a
Some Standard Limits.
Lt Xn —a.n n-1
1) =na (for all values of n)
X—a x-a
When ‘@’ is in radian  2) = S|_ne:1
6—>0 0
Note: (1) Lt tan® _ 1 () Lt sinn® _
06—>0 6 6—->0 ©
(3) Lt tanno _n
6—>0 6

2.2 WORKED EXAMPLES
PART - A

1. Evaluate:
Lt 3x%+2x+1
X—>05x% +6x+7
Solution:
Lt 3x%+2x+1 _ 3(0) +2(0)+1
X —>05x2+6x+7 5(0) +6(0)+7
2. Evaluate:
Lt x%2+4x-5
Xxo1x%+x-2

~N| R
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Solution:
Lt x®+4x-5 Lt (x+5)x-1)
x—>1x21x-2 x—1(x+2)x-1)
_ Lt (x+5) Lt xt5_6 _,
x—>1(x+2) x—>1x+2 3
3. Evaluate:

Lt Xn_2n
X—2 X-2
Solution:
Lt x"-2" — 2"t _ Lt x"-a" —na™t!
X—>2 X-2 X—a Xx-a
4. Lt dx-+a
X—a x-a
Solution:
1 1

Lt &—J;_ Lt x2-a2

X—>a X-—-a X—>a X-—-a

15t 1,5
2 2
5. Evaluate:
Lt sin5x
Xx—>0 3x
Solution:

Lt sin5x 1 Lt 5sin5x 5 Lt sin5x 5 Lt sine_1

x—>0 3x 3x—>0 5x  3x—0 5%x 3 050 0
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PART - B
1. Evaluate:

Lt x> -64
x> 4x2-16
Solution:
x3 - 43
Lt x*-64 Lt x3-4° Lt y_g4
X—4x2_16 X—4x2_42 x—4x2_42
x-4
Lt x3_43

_Xx—>4 x-4 3(42
Lt x2-42 2(4)
X—4 x-4

=48 _

6
8
2. Evaluate:
Lt sinad
0 — 0sinbd
Solution:
sinad

Lt sina®_ Lt g
6 — 0sinbd 6 — 0 sinbd
0

Lt sinad
_6-0 6 _a
Lt sinbd b

.. Lt sinne _
050 6

06—-0 ©
Evaluate:
Lt 1-cosax

x — 01-cosbx
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Solution:
2sina>
2 ~+1-c0s20 = 2sin? 0

Lt 1-cosax Lt
X — 01-cosbx X_>023in2b§

Lt . a 2
sin— X
XxX—0 2
Lt (b Y
sin— X
XxX—0 2

X—0 Ez 2 aZ
_ 2 _ 4 _@&
— T v
Lt (smxj 02 4
X—=0 (p)? 2
2

2.3. DIFFERENTIATION

Consider a function y = f(x) of a variable x. Let Ax be a small
change (positive or negative) in x and Ay be the corresponding

change iny.
The differentiation of y with respect to x is defined as limiting

value of ﬂ, as Ax—0
AX
dy Lt Ay _ Lt f(x+Ax)—f(x)
AX — 0 AX

T Ax—>0 AX
The following are the differential co-efficient of some simple

functions:
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. i(constant) =0
dx

. % (x” ): nx"t

d —
. d—X(x) =1

d ) - L
.d—x(&)—Z&

d(1) -n
Taxlx ) x

8. —(tanx) =sec?x

dx

9. —(cotx) =-cosec?x

dx

104 (secx) =secxtanx
dx

11.di (cosecx) =—cosecxcot
X

12.d—dx(ex) =e*

d 1
13.&009 x) = ”

: %(sin X) = cos x

7. i(cos Xx) =—sinx
dx

The following are the methods of differentiation when functions
are in addition, multiplication and division.
If u,v and w are functions of x

. o . d _d d
(i) Addition Rule : &(u + v) = I (u)+—(v)

d d, . d,\ d
d—x(u+v+w) =&(U)+&(V)+d—x("")

du-v)=Lw-L)

dx dx dx
(i) Multiplication Rule: i(uv) =ui(v)+ vi(u)
dx dx dx
%(uvw) :uvd—dx(w)+UW%(v)+vwd—dx(u)

(i) Quotient Rule : (division)

%(%) i v(i((u)v—zudc:((v)
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2.3 WORKED EXAMPLES
PART — A

1. Find Ny y-3,2.1
dx x2 x 4
Solution:

y=3x2+2x* +%

dy —-6x 3 -2x?+0
dx
_-6_2
x3 X2

2. Findﬂ if y =e*sinx
dx
Solution: y=e*sinx

P e” i(sin X)+ sinxi(ex)
dx dx dx

=e*cosx+sinx e*

3. Fnd Y i y-X1
dx X+3
Solution:
_x-1
y_x+3
(x+3) 9 (x-1)-(x-1-L (x+3)
_dy _ dx dx
" dx (x+3Y
C(x+3p-(x-100) 4
(x+3)2 (x+3)2
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4, Findg—y if y=(x-1)x-5)x-3)
X

Solution:
y=(x-1)(x-5)x~-3)

o = ) o =3+ (- Dx=3) 5 )

Hx-5)x-3)<-(x-1)

g_i = (x =1)(x = 5)2)+ (x - 1)x = 3)1) + (x = 5)(x - 3)1)
= (x=2)(x =5)+ (x—2)x - 3)+ (x - 5)(x - 3)
5. Flndd if y=x +i—E
dx sinx 3
Solution:
4 1 1 4 1
y=x"+—-= = x" +cosecx — =
sinx 3 3
= _4x3 _cosecx cotx
dx

PART - B
1.  FInd :y if y= (x2 +3)cosx logx

Solution:
)cosx logx

y= [+
z ( +3)cosx&(logx)+(x2+3)Iogx%(cosx)

+COS X Iogxdix(x2 +3)

= (x2 + 3)cos x[%} + (x2 + 3)Iog x[- sin x|+ cos xlog x[2x]

2
=M_(x2 +3)Iogx sinx +2xcos x logx

X
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x3 tanx

2. Find dy ify=
dx

e’ +1
Solution:
_ x*tanx
e’ +1
u=x°tanx v=eX+1
ﬂ=x3[sec2 x]+tanx[3x2] d_ o
dx dx
L du | av
d_y: dx dx
dx V2
cdy (ex +11x3 sec? x+3x2tanxJ—(x3 tan xle"]
dx (eX +1)2
2
3. Find W jf y o XX
dx 1-X+X
Solution:
1+ x+x?
1-Xx+x2
U=1+x+x> v=1-x+x2
d—u:0+1+2x d_V:0_1+2x
dx dx
Cdx (1—x+x211+ 2x]—(1+x+x21—1+2x]
dy (1—x+x2)2
dy _21-x?]
dx (1—x+x2)2

4. Findg—y if y=(1+sinx)3-cosx)
X

Solution:
y = (1+sinx)3 - cosx)
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o > 0N

gy

i (1+sin x)% (3-cosx)+(3-cos x)d—dx(1+ sin x)

= (1+sinx)[sinx]+ (3 - cos x)[cos x]

EXERCISE

PART - A
Write down the equation of the concentric circle with the circle
X2 +y? +2gx+2fy+c =0
State the condition for two circles to touch each other externally.
State the condition for two circles to touch each other internally.
State the condition for two circles to cut each other orthogonally.
Find the equation of the circle concentric with the circle
x2 +y? —2x+5y +1=0and passing through the point (2,-1).
Find the «constants g, f and «c¢ of the circles
X2 +y?—2x+3y—-7=0 and x* +y% +4x-6y+2=0
Show that the vcircles  x%?+y?-8x+6y—-23=0and
x% +y? —2x -5y +16 =0 are orthogonal
Evaluate the following:

Lt x?+3x
X — 0x? +2x

(i)

.. Lt x% -1
(ii)
X—1 x-1
Lt si
(il sin360
6—>0 ©
Lt 4 _H4
(iv) x -2
XxX—0 x-2
Differentiate the following with respect to x:
i 3 2 1 3
i =X"+—-—+—=
M vy Z 32

(i) y=(x+1fx-2)
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(iii) y =sinxe*

(iv) y = (x +3)tanx

(v) vy =+/xlogx

v) y=eL

(vii) y =sinx cosx
xX-=7

PART - B
Find the equation of the concentric circle with the circle
x? +y2 +3x-7y+1=0 and having radius 5 Units.
Show that the following circles touch each other.
() x> +y?-2x+6y+6=0 and x®>+y?-5x+6y+15=0
(i) x> +y? +2x-4y—-3=0 and x? +y?> -8x+6y+7=0
(i) x? +y®> —4x+6y+8=0 and x®+y®> -10x-6y+14=0
Prove that the two circles x?+y?—-25=0andx?+y?-18x
+24y +125 =0 touch each other.

Find the equation of the circle which passes through the points
(4,-1) and (6,5 and orthogonal with the circle
x2+y? +8x-4y—-23=0

Find the equation of the circle through the point (1,1) and cuts
orthogonally each of the circles x? +y?-8x-2y+16=0 and
x?+y?—4x-4y-1=0

Evaluate the following:

0 Lt x°>-3° (i Lt 5sin60
X —>3 x2_-32 0 — 0 3Sin20
o Lt x?2-3x+2 . Lt 1-Cosx
(iii) —_ (iv) _
X—1 x24+5x-6 X — 0 XSinx
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5.

6)

8.)

9)

Differentiate the following:
(i) y = (3x* + 2x +)e* tanx
(i) y=(2x+1)(3x-7)(4x+5)
(iii) y = x3 cotxlog x

(iv) y = e*/x cosecx

(v) y=(3x+1)cosecx secx

. 1-cosx
(vi) y= .
1+ sinx

x? sinx
2X+1
2e* +tan x

(vii) y =

(vii) y = 1

(xX+2) (x+1

(x-2)(x-1
1

sec xtanx

(ix) y=

x) y=

ANSWER
PART - A

Q> (ii) % (iii) 3

1
2

(i) 3x2 -ig+
X X

(ii) 2x-1

(iii) sinxe* +cosxe*
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IS

IS

(iv) (x+3)sec?x +tanx

logx
0%

sinxe* —e* cosx

(i)

sin? x
(vii) cos? x —sin? x
10

(viii) -

PART -B

4x2 + 4y? +12x—28y—271=0

(i) Internally (ii) Externally  (iii) Externally

x? +y? -6x-8y+15=0

3x?+3y? -14x+23y-15=0

. 405 . 1 o1

() e (i) 5 (i) -7 (iv) 3

() (3x? +2x +1)e* sec? x + (3x? + 2x + 1)e* tan x + (6x + 2)e* tan x
(i) 2x+D(BX-7)4 +(2x +1)(4x +5)3 + (3x - 7)(4x +5)2

(iii) x%otx(l) + X% log x(~coec2x) + Cotx log x(3x?)
X

(iv) e*/x(-cosecx cotx)+e* cos ecx[iJ

24x
(V) (3x+1cosx(secx tanx)+ (3x +1)sec x(—sinx) + 3cosx secx
i (1+ sinx)sinx — (1+ sinx)Cosx
(1+sin x)2
2X + 1)(x2 COS X + 2X Sin x)— 2x? sinx
(2x +1)

(Vi) (
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(e* +1)12eX +sec? xJ— (2eX +tan xkex)
(e* +1)?

(viii)

(x2 -3x+ ZIZX +3]- (x2 +3x + ZXZX -3)
(x? =3x +2)?

(ix)

(X) —cosx cosec?x —cotxsinx
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UNIT- [l

DIFFERENTIATION METHODS

3.1 Differentiation of function of functions and Implicit functions.
Simple Problems.

3.2 Differentiation of inverse trigonometric functions and parametric
functions Simple problems.

3.3 Successive differentiation up to second order (parametric form
not included) Definition of differential equation, formation of
differential equation. Simple Problems.

DIFFERENTIATION METHODS
3.1 DIFFERENTIATION OF FUNCTION OF FUNCTIONS
Function of Functions Rule:
If 'y" is a function of ‘u’ and ‘u’ is a function ‘x’ then
dy dy du
dx =E'd_x It is called Function of function Rule. This rule

can be extended.
Chain Rule:
If 'y" is a function of ‘u’ and ‘U’ is a function of ‘v’ and ‘v’ is a

o dy_dy dudv
function of ‘X’ then dx _ du dv dx

3.1 WORKED EXAMPLES

PART - A
Find dx if
1) ¥ =Sin(3x+4) 2) ¥ =Cos(2x +3)
3) y=tan(4x +3) 4y =log(sec x + tan x)

5) Y= tan(x2 +7X+ 3)11
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Solution:
1.) y =Sin(3x + 4)

Put u= 3x+4

~y=sinu [u=3x+4

OI—y=Cos u d—u=3

d dx

SAY_dy AU o6(3) = 3Cos(3x + 4)

dx du dx

2.) y =Cos(2x +3)

put U=2x+3

~y=Cosu| u=2x+3

ﬂ:—Sin u d_u=2

du dx

dy _dy du_  ginuye

dx du dx

=-2Sin(2x +3)

3.) y =tan(4x +3)

put U=4x+3

sy=tanu | u=4x+3

B _gecou| oy

du dx

_-.j_y:4seczu:4secz(4x+3)

X

4.) y =log(sec x + tan x)

Put U= Sec x +tanx

- y=logu uU=sec X +tanx
du
dy 1 — =sec xtanx + sec? x
a_= <
du u
= sec x(tan X + sec x)
dy 1 sec x(sec x + tan x)
—~ = —[sec x(sec x + tan x)| = = sec x
dx u sec X + tan x
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5)y= (x2 +7x+3)11

put U=Xx>+7x+3
11

u=x’>+7x+3

Ly=u
Y 13410 LLNPR
du dx
j—y=11ulo(2x+7)=11 (2 +7x +3)°(2x+7)
X
PART - B
Differentiate the following w.r.t.to ‘x’
1.) Sin(x2 +1) 2.) eSinx
3.) Sin®x 4.) logsinx
5.) eSin™ 6.) log(sin5x)
7)) elan 2 8.) sin®3x
9.) Iog(sec2 x) 10.) cos(e5x)
Solution:

1) Let y=sin(x2+1)
Put u=x%+1
ny=sinu|u=x?+1

dy =COoSsu ﬂ:2x

E dx
d_y=d_y,d—u=cosu(2x)
dx du dx

= 2xCos(x? +1)

2.) y = eSinx

put U=sinx
~y=e"| u=sinx
dy =e du =COS X
du dx
dy _dydu_ v cosx = eS™ cosx
dx du dx
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3)y=sin®x

put U= Sinx

~y=u® | u=sinx
dy _ 3u? du _ COS X
du dx

g—y = 3u?.Cosx = 3 Sin’x.Cosx
X
4.) y =log(sin x)

put U= Sinx
s y=logu | u=sinx
dy 1 |du
—2 == |===cosx
du u dx
dy _ lCosx _ Cosx _ Cotx
dx wu
5.) y = esinzx
put U = Sin®x
y=e
dy _gudu_ e“.i(sin2 x)
dx dx dx

= 5" %(2sinx Cosx)
6.)y = log(sin5x)

dy 1

dx

- &(sm 5x)

=———(5c0s5x)=5cot5x
Sin 5x
7)Y = etan‘1(2x)
d_y — etanﬂ 2X i (tan—l 2X)
dx dx
_ etan‘lzx. 1 2
1+(2x)2 ( )
2€tan‘12x

1+ 4x?
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8.) y = Sin*3x = (sin3x)*

dy _ . 31 .
v 4(sin3x) ™ (sin3x)

= 4sin®3x(3 Cos3x)
=12sin®3x Cos3x
9.)Y= Iog(sec2 x)

dy__ 1 i(seczx)
dx sec?x dx

= 12 (2sec x)(sec x tanx) = 2tanx
sec? x

10)y = Cos(e5x)
j—z = —sin(esx )d_dx (esx)
= —sin(eSX )Se5X
= -5 sin(eS")

3.1.2. Differentiation of implicit functions

If the variables x and y are connected by the relation of the form
f(x,y)= 0 and it is not possible to express y as a function of x in the

form y=f(x) then y is said to be an implicit function of x. To find j—y in

this case, we differentiate both sides of the given relation with respect
to x. keeping in mind that derivative of o(y)

0 Yie 2 (oly) -

w.rt'x as —.—ie .
dy dx  dx dy dx
d,. dy d(, dy
For Example —(siny)=Cosy—and — =2y—=L
P dx( y) ydx dx (y ) ydx
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WORKED EXAMPLES

PART - A
Find g—y for the following functions
X
1) xy=¢’ 2) y=cos (X +Y)
3) y* = 4ax 4) X*+y*=a’
5) xy’* =k
Solution:
1) xy=c?
Differentiate both sides w.r.t ‘X’
dy
X—=—+y=0
dx y
dy
X— =~
dx y
dy __y
dx X

2) y=cos(x+y)
Differentiate both sides w.r.t ‘X’

b dy
i = sm(x + y{1+ de
s _si dy
= —sin(x +y)-sin(x +y) ™
dy dy

Vs sin(x + y)& =-sin(x+y)

[1+ sin(x + y)]g—i = —sin(x +y)

dy sin(x +y)
dx  1+sin(x+y)

3) v =4dax
Differentiate both sides w.r.t ‘X’
dy
2y —=4a
4 dx
dy _4a_2a
dx 2y vy
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PART -B

Find d_y of the following
dx

2 2

1y XY o1 2) x> +y?+2gx+2fy+c=0

a®? b
3) x3+y3 =3axy 4) ax?+2hxy+by? =0
5) y=x sinfa+y)
Solution:

X 2

2
1) —+
8.2
Differentiate both sides w.r.t ’x’
a’? b?dx
2ydy _2x
b2 dX aZ

=1

cr|~<
N
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2)

3)

dy 22X b2

dx T a?’ 2y

b?x

aly

X% +y? +2gx+2fy+c=0

Differentiate both sides w.r.t ‘x’

2x+2ydy+29+2f dy
dx dx

dy
2y +2f)=L = ox -2
(2y + )dx x—-29

dx  2(y+f)

_ [x+g
B y+f

x3 +y® =3axy

dy _ 2(x+g)

Differentiate both sides w.r.t 'x’
dy dy
3x2 + 3y? =33 x
y dx [ dx yj
= 3axd—y + 3ay
dx

3y2d—y—3axd—y = 3ay - 3x?
dx dx

(3y2 - 3ax)% = 3ay - 3x°

dy _3lay-x°
dx 3ly? —ax

_ay-x°
y? —ax
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4)  ax?+2hxy+by?=0
Differentiate both sides w.r.t ‘X’
2ax + 2h xd—y+y +2byd—y=0

dx dx

dy

2ax + 2hx —
dx

+ 2hy + 2byd—y =0
dx

(2hx + 2by)j—z = —-2ax —2hy
dy —2ax-2hy
dx  2hx+ 2by
(ax+hy)
“hx+by
5) y=xsin@+y)
Differentiate both sides w.r.t ‘x’
dy dy

o xcos(a + y)&

+sin(a+y)

g—i - xcos(a+ y)% =sinfa+y)

[1- xcos(a + y)]j—i =sina+y)

dy  sina+y)
dx 1-xcos(a+y)
3.2.1. Differentiation of Inverse Trigonometric Functions
If x = siny then
y = sinx
sin"x, cos™x, tan™x, cosecx, sec’x and cot'x are inverse
trigonometric functions.
Example: (1)
If y =sinx, findﬂ
dx
y =sin"tx
ssiny =X
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Differentiate both sides w.r.t ‘x’

dy
cosy—=1
ydx
dy 1 1 1 1
dx cosy \/coszy x/l—sinzy N
Example: (2)

Find the differentiation of cos™x
Lety = cos™'x

.COSY = X
Differentiate both sides w.r.t ‘X’
- Sinyd_y =
dx
dy 1 1 11
dx  siny \/Sinzy \/1—coszy N
Example: (3)
Find the differentiation of tan™x.
Lety = tan™x
~tany = x

Differentiate both sides w.r.t ‘X’

dy

2
secy—=1
ydx

Jdy 1 1 1

Tdx  sec?y 1+tan’y 1+x2
Example: (4)

Find the differentiation of cot™x.

Lety = cot™x

~.coty = X

Differentiate both sides w.r.t ‘X’
-coseczyd—y =1
dx

dy 1 1 1

dx  cose?y  1+cotly  1+x

2
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Example: (5)
(Differentiation of sec™x)
Lety = sec™'x
.Secy = X
Differentiate both sides w.r.t ‘X’

secy tany% =1
X

. ﬂ_ 1 _ 1 B 1
dx secytany secysec?y-1 xyx2-1
Example: (6)

Differentiation of cosec™x
Lety = cosec™x

-.COSEeCy = X

Differentiate both sides w.r.t ‘X’

-cosecy cotyg—y =1
X

dy 1 1

_ _ 1
dx  cosecycoty  cosecyjcosecly-1  xyx2-1
FORMULA

T

y St

3) %(ta”_lx)z 1 +1X2

4) %(cot‘lx): B 1+1x2

5) a sec‘lx)=;
dx xVx* -1

6) i(cosec 1x)——;
dx xVx® -1



WORKED EXAMPLES
PART - A
Differentiate the following w.r.t ‘x’

@sintlx) (@ cosVx)

(@) [sinxf 5) x2sin'x
(6) V1-x%sin"ix (7) e*tanlx
Solution:
1) y—sin‘l(\/;)
dy 1 ( )

“ T

1

Jl—x 2\/_ 2J_J1 X 2Jx0-x

2) y= cos‘l(\/;)

©) cot‘l(lj
X

(8) tan‘l(\/; )

1

d 1 d 1 1
. dx( )_

T
3) y= cot‘l(ij

dy _ 1 d(l]_ 1 ( 1}
- 2l ) . 1| L2

dx 1+(1J dx \ x 1+i X

AR
X2+1\ x*) x*+1

4 y= (sin‘1 x)2

dy _ 2sin™? xi(sin‘l x)
dx dx

-]
—2sinlx 1 _ 2sin™" X
V1-x2 ) y1-x2
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5) y=x%sintx

dy _ o 1 1
— =X —— |+ 2XSIn "X
dx [Vl—xz]
2
=X 4 oxsintx

V1-x?
2

6) y=+v1-x?sintx

-
it +sin’1x;(—2x)=1—xSln X
dx 2V1-x?

V1-x2 1-x?

7) y=e‘tan'x

dy _ e"( L )+ tan’lx(ex)
dx 1+ %2

:ex[ 12+tan‘lx}
1+ X
8) y=tan‘1(\/;)
dy_ 1 dygy 1o 1

dx p (Jxf dx T2 2k x)

PART - B
Differentiate the following w.r.t ‘x’
. 2X 2x 1-x2
1) sm‘l[ j 2) tan‘l[ J 3) cos™*
1+ x2 1-x2 1+ x2
Solution:
2Xx
1) Lety= sin‘l( j
1+ x°
Putx=tan® ~0=tan"x
e sin'l[—2 tanze j [ sin2A = —25|_n2A j
1+tan“ 0 1+sin“A
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= sin™(sin26)
=20
y =2tan™'x
dy 2

dx 1+ x?

2) Let y:tan_l( 2x j

1-x2

Putx=tan® s 0=tanXx

Ly = tan'l(m)
) 1-tan®0

= tan'l(tan 26) { {an2A < M}
=20 1-tan’ A
y =2tan*x
dy 2

dx 1+ x?

2
3) Let y:COS—l[l XJ

1+ x?

Putx=tan 0 - 0=tanx

1-tan®0
Sy = Cosy——< ~
{1+ tan? e]
2
= Cos™*(Cos26) COs2A = %
=20 1+tan“ A
sy =2tantx
dy 2

dx 1+x2
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3.2.2. Differentiation of parametric function:

Sometimes ‘X’ and 'y’ are functions of a third variable called a

dy
parameter without eliminating the parameter, we can find dx as
follows.
Let x=f(0) and y=F(0) sothat ‘0’ is a parameter.
dy
dy _dy do_de

dx de dx dx
do

WORKED EXAMPLES

PART-A
1) If x=a Cos 6 and y =b Sin 6, find j_y
X

Solution:

d—X=—asine

do

d_y= bcos6

do

dy _ dy/do _ bco§6 :—Ecot 5
dx dx/d6 -asin®6 a

2) Find j—y if x=at? and y = 2at
X

Solution:

dy dy/dt_2a 1

dx dx/dt 2at t
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3) Find j_y if x=asec6 and y=btan6
X
Solution:

d—X =asecHtano
do

dy _ bsec?0
do

dy _dy/d6 _ bsec’6 _ bsec®
dx dx/do asec6Otan6 atan®

1
b(Cosej b b
= - =——=—CosecH
al sind asin a
CosH

4) Find Yifx=ctand y=C
dx t

Solution:

dx

—=C

dt

dy __c

dt t2

dy __-c/* _ 1

dx c t2

PART -B

1) Find j_y if x= cost + tsint and y=sint- tcost
X
Solution:

% =-sint+tcos t+sint=tcost

%=cos t+tsint—cos t=tsint

q .
_y= tsint - ta
dx tcost
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2.) Find j—yif X =+/sin2t and y =+/cos2t
X

dx 1 C0S21(2) = cos 2t
dt 2\/sm \/sin2t

1 —sin2t

2«/0052t (
sin2t
y [Vcosz j sinZtM
t
2

[ 0s2 J cos 2t+/cos 2t
t

sin2t)2 =

—?2 = —(tan 2t)%

3.) Find jy if x =a(0+sinB)andy = a(1-cos8)

Solution:
d—X=a(1+cose)
de
dy _
0+sin® sin®
Y _a(o+sin0)= afsino)
dy asin6 _ sin6
dx a(l+cos®) 1+cos
_ 25|ne/220036/2 _ tang
2cos“6/2 2

4) Find j_y if y =log(sec®+tan®) and x = sec®
X

Solution:
ﬂ=;(secetane+secz e)
do secOH+tan6

_ secH(tanB+secH) sech
secO+tan0
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d_x =secHtano
do

dy  sec6 1
dx secOtan6 tan6

=coto.

3.3.1 Successive differentiation:

If y="f(x), thenj—y , the derivative of y w.r. to x is a function of x
X

and can be differentiated once again. To fix the idea, we shall call g_y
X

as the first order derivative of y with respect to x and the derivative of

d — .
Y wr, to ‘X’ as a second order derivative of y w.r. to x and will be

dx
2 2

denoted by % . Similarly the derivative of %w.r.t 'x" will be called
X X
3
third order derivative and will be denoted by :—g and so on.
X
Note: Alternative notations for
d ! L}
Y=Y =f(x)=D(y)
X
oy 12
—_— = = f X) = D
oz Y2y (x) =D*(y)
dn
> =¥, =y® =10 =D"(y)
dx
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WORKED EXAMPLES

PART - A
2

1) If y=tanx, find ay

dx?

y =tanx,
dy _ sec? x
dx
2

d—)zl = 2sec x(sec x tan x)
dx

=2 sec? xtanx

2)) If y=log(sinx), find y

1
Y, =———COSX = COtX
sinx
y, = —Cosec?x.

3.) If y=acosx+bsinxfindy.

Y1 =-asinx +bcosx

Yy, =—acosx —bsinx.
4) If y=Ae*> +Be™, find D*(y)

D(y)=3 Ae** -5B e™>*
D2(y)=9 A % + 25 B e~

5) If y=1,find Yo
X

1
y1=__2

X
2

y:
2 X3
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PART - B
1) If Y =xsinx, prove that xy, —4xy, + (x2 + G)y =0
Solution:
y = x% sinx
y: = x?(cosx) + 2xsinx = x% cos x + 2xsinx
y, = X?(~ sinx)+ 2xcos x + 2xcos x + 2sinx
= -x’sinx + 4xcosx + 2sinx
- X%y, —Axy, + (X% + 6)y = le— x%sinx + 4xcos x + 2sin xJ
— 4x(x? cos X + 2xsinX) + (x? + 6)x? sinx
= —x*sinx + 4x® cos x + 2x? sinx — 4x® cos x
- 8x?sinx + x* sinx + 6x? sinx
=0
2) Y= acoslogx +bsinlog x, show that x2y2 +Xxy;+y =0,
Solution:
y =acoslogx + b sinlog x

. 1 1
y, = —asinlog x(—j +bcoslog x(—j
X X
Multiply by x on both sides
. Xy, = —asinlogx + bcoslogx
Differentiate both sides w.r.to x

1 . 1
Xy, + Yy, = —acoslog x(—J —bsinlog x(—J
X X

Again multiply by x on both sides
. X%y, + Xy, = —acoslogx — bsinlog x
= —(acoslogx +bsinlogx)
=y
X2y, + Xy, +y =0
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3) Ify= e prove that (1— xz)y2 -xy,-y=0

sin"tx

y=¢
sin"t x 1
1-x2
11— x2 Y, = esin‘lx

Differentiate both sides w.r.t x

y,=¢€

1 -
1-x% y, Y (-2x)=e"" -
1-x 1-x

Multiply by 41— x? on both sides
(1— xz)y2 Xy, =Y

4) Y= (tan‘lx)2 , prove that (1+ xz)zy2 + 2x(1+ xz)yl =2
Solution:

y= (tan‘lx)2

1
y, = 2tan™" x( )
! 1+ x2

Multiply by (1+ x2) on both sides

(1+ x? )yl =2tan'x

Differentiate both sides w.r.t.x

(1+ xz)y2 +y,(2x)=2

1+ x?

Multiply by (1+ x2) on both sides

(1+ xz)zy2 + 2x(1+ xz)yl =2
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3.3.2 Formation of differential equation:

Definition: An equation involving differential coefficients is called
differential equation.

Examples:
dy
1) g~ 2xy
2) j—z+ 2xy = x?
d’y . dy 2
Y _5Y 6y =x
3) ax2 " dx y

d3y ? dy )’
— | +|1+—=| =0
4')(dx3j ( de

Order of the differential equation:

The order of the differential equation is the order of the highest
derivative appearing in the equation, after removing the radical sign
and fraction involved in the equation.

d%y

W+3 jy +2y =¢* (orderis 2)

eg 1) ax

d3y dy )’ .
2) —+6|—| -4y =0 (orderis 3
) e (dxj y ( )

Degree of the differential equation:

The degree of the differential equation is the power (or) degree of
the highest derivative occuring in the differential equation.

Example:

d’y  _dy x
5—+7—=+5by=e degree 1
1) dx2 dX y ( g )

dzy ? dy >
7l —=| +5 —=| +7y=sinx (degree 2
2) [dxzj (dxj y (deg )

227



WORKED EXAMPLES

PART - A
1) If xy=c?, form the differential equation by eliminating the
Constant ‘c’
Xy = c?
dy
X—+y=0
dx Y
PART - B

1.) If y= A Cos 2x+ Bsin2x, form the differential equation by
eliminating the constants ‘A’ and ‘B’.

y=A Cos 2x + B sin 2x

d_y =-2Asin2x + 2BCos2x
dx
2
d_32’ = —4ACos2x — 4 Bsin2x
dx
=-4[ ACos2x +Bsin2x]
= —4y
o +4y =0is the required differential equation

2) Form the differential equation by eliminating the constant ‘a’ and
‘b’ from the equation.

Xy = ae* +be™
Solution:
Given xy =ae” +be™
Differentiate both sides w.r.to x
Xy, +y=ae* —be™
Differentiate again w.r. to x,
XY, +Yy;+Yy, =ae* +be™™
XYy +2y; =Xy
XY, +2y;,—xy=0
is the required differential equation.
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1)

EXERCISE

PART - A
Differentiate the following w.r. to ‘x’
1) (3x +5)° (2.) sin?(5x +3)
4) (tan‘13x)2 (5.) e
Find d—y if
dx
1)x*+y*=0 (2.) x siny=0
3) xy=k (4) xy?> =x+y
1.) sin"15x (2.) sin"}(cosx)
3.) sin"!3x 4. (tan‘14x)3
PART - B

Differentiate the following w.r.t ‘x’
1) € cos2x sin3x

3) 5" X cos6x

5.) x?tanx

7)) (1+ xz)tan‘lx

Find d_y of the following
dx

1) 2x% +6xy+y? =1
2.) x%siny=C
3)y=a+xe¥
4) x? +3xy+2y* =4

5. XM yn =gmn
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3) ecos3x
(6.) Iog(tan2 x)

2.) (x2 +1)Cos5x

4)) €@ 2 tan5x
6.) xCos }(x)

8.) Vxsin'x



10

V)

V)

Differentiate the following w.r.t ‘x’

_ g3
1)y= tan'l[gx X2 J 2)y= sin"l[;
1-3x Vx? +a?

3)y= sin‘1(3x - 4x3) 4)y= cos‘1(4x3 - 3x)
f— 2 f—
5)y= yi-x"-4 6.)y= sin‘l(Zxxll— XZJ
X
1 1
7)y=sec™ 8)y= sin‘l( )
)Y 2x? —1) )Y 1-2x?
Find it
dx

1) x=3sint-sin®t and y=cos t-cos®t
2) x=a(@-sin6) and y=a(l-cose)
3)x=cos*0 and y=sin®0

1.) If y=x%cosx, Prove that (1— xz)y2 —4x y, + (x2 + 6)y =0
2)Ify= (sin‘lx)z, Show that (1— xz)y2 -Xxy;-2=0

3)Ify=e“"% Prove that (1—x2)yz +(2x-1)y, =0
2
4) If y=|og[x+\/x2 +1} . Show that (L+x2)y, +xy; =2

5) If y=e2® X Prove that (1—x2)y2 -xy,—a’y=0

ANSWER
PART - A

1.) 30(3x+5)° 2.) 10sin(5x +3)cos(5x + 3)
6tan~'3x

3.) —3e®**Cos?xsinx  4.) >
1+9x

Zesin’1(2x)

V1-4x?

5) 6.) Cosec x secx
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—X —tany 3) -y 4) 1-y

1) = 2.) -

y X X 2xy -1

-5 1

1) ——— 2)-1 3) ———

V1-25x2 xVOx2 -1
4) 12!tan 4x )

1+16x>
PART - B

1.) e>*[3cos2xcos3x]- 2sin2xsin3x + 5c0s 2x sin3x

2.) 2xcos5x — 5(x2 + 1)sin5x

3) eS| _gsin6x + 22 bx
V1-x2
4) etanlzx[5sec2 Bx 4+ 21an 52)(}
1+4x
X2
5.) N 5 +2xtan™ 6.) +cos 1x
+X
-1
7.) 1+ 2xtan™*x 8.) ‘/ x_ . sin J_
-x?
1) - 2X+3Y 2)——tany 3) ¢
3Xx+y 1-xeY
g) - 2L 5) -
3xX+4y nx
1) 3 . 2) 52— 3) 3 4y =
1+x a® +x 1-x? 1—x?
1 2 -2 2
5. 6. 7. 8.
: 2(1+ XZ) : 1-x2 : 1-x2 : 1-x2
1) —tan’t 2)) cotg 3.) —tan®
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UNIT- IV

APPLICATION OF DIFFERENTIATION-I

4.1 Derivative as a rate measure-simple Problems.
4.2 Velocity and Acceleration-simple Problems
4.3 Tangents and Normals-simple Problems

4.1. DERIVATIVE AS A RATE MEASURE:

Let y=f(x) is a differentiable function of x in any interval of x. Let
Ax be a small increment in x and the corresponding increment in y

Ay

iISAy. Then —
AX

represents the average change in the interval x and

A .
x+Ax. When Axtends to zero, the average rate of change A_y will
X

become nearer and nearer to the actual rate of change of y at x. Thus
Lt ay_dy

represents the actual rate of change of y at x.
AX - 0Ax dx

dr dv

Note: If r, v and s are radius volume and surface area, then T

and % are their rate of change with respect to time ‘t'.

4.1 WORKED EXAMPLES
PART - B
1. The radius of a metal plate is increasing uniformly at the rate of
0.05 cm per second on heating. At what rate the area is
increasing when the radius is 10cm.

Solution:
Let ‘r’ be the radius
Given : ﬂ: 0.05
dt

To find Z—? when r=10.cm.
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We know that area = A=mr?

dA dr

S— = 27—

dt dt
dr

Putr=10and — =0.05.
dt

1—? = 21(10)(0.05) =msg.cm./sec

The Area is increasing at the rate of m sq.cm / sec

2. The area of a square is increasing at the rate of 4 cm2/ sec. How
fast its side is increasing when it is 8cm long?

Solution:

Let ‘X’ be the side of the square .

Given: 1—? =4cm?/ sec

To find %when X =8cm.

A=x2
_-_d_A:2X d_X
dt dt
dx
4=2(8)—
()Olt

dx 4 1
— =—=_—cm/ sec.
dt 16 4

L . 1
The side is increasing at the rate of " cm / sec.

3. The radius of a sphere is increasing at the rate of 2cm. per
second How fast its volume is increasing when the radius is
20cm?

Solution:

Let ‘r’ be the radius of the sphere and ‘v’ be the volume.

Given :d—: =2cm/sec
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To find:%when r=20cm.

=—mr
d_V = i 3r2 ﬂ
d 3 dt
2 dr 2
= 4mre — = 4m(20)°2
dt

=3200n cm®/sec.

The volume is increasing at the rate of 3200 ncm?®/sec

The radius of a sphere is increasing at the rate of 3cm/sec. Find
the rate at which its surface area is increasing when the radius is
10cm.

Solution:

Let ‘r ‘be the radius and ‘S’ be the surface area

Given :% =3cm/sec

To find :d—Swhen r=10cm

S = 4mr?
9 _g2r 8 e _gra0)3
dt dt dt

=240n cm?/sec

The surface area is increasing at the rate of = 240n cm?/sec

A balloon which remains spherical is being inflated by pumping in
10 cm3 of gas per second Find the rate at which the radius of the
balloon is increasing when the radius is 15cm.

Solution:

Let ‘r’ be the radius and ‘V’ be the volume.

Given :d—V =10cm? /sec

To find :ﬂwhen r=15cm
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V=£TEI’3
3

av _4 5200 _anr2 90
dt 3 dt dt
1o=4n(15)zﬂ

dt
d_ 10 1

dt 900m 90m
L . 1
The radius is increasing at the rate of 90n cm/sec
I
6. A stone thrown in to still water causes a series of concentric
ripples. If the radius of the outer ripple is increasing at the rate of
2 meter / sec, how fast is the area is increasing when the outer
ripple has a radius of 10 meters.

Solution:
Let ‘r ‘be the radius

Given :ﬂ = 2 meter /sec

To find :Ocli—?when r=10

A=mr?

A _ordr = n2(10)2 = 40mm?/sec

dt dt

The outer area of the ripple is increasing at the rate of
40mm? /sec

7. The side of an equilateral triangle is increasing at the rate of
5cm/sec. Find the rate of change of its area when the side is
8cm.

Solution:
Let ‘X’ be the side of the equilateral triangle

Given :d—)t( =5cm/sec

To find :%—?When X =8cm
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V3 .,

Area=A =—X
4

d_AZEZXd_X :EZ(S)S =20+/3cm?/sec
dt 4 dt 4

. The rate of change of its area is 20 J3 cm? /sec.

8. Arod 10 m long moves with its ends A and B always on the axes
of x and y respectively. If A is 8 m from the origin and is moving
away at the rate of 2 m per sec. Find at what rate the end B is
moving.

Solution:

X

o X A
Let AB be the rod.
At time ‘t’ sec the rod may be the above position.
LetOA=xand OB =.

Given: % =2
dt
To find% when x =8 m

We know that x? +y? =107
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- y?=100-x?
y=+100-x2
dy

=2 —( —_ox )_
dt  2\100-x2

dy _ -x dx
dt 100—x2 dt

\/100 64 Jioo_ea 2

-16 -8
=——— =— m/sec
6 3

The end of the rod is moving at the rate of % m/sec

9.) A man of height 6 feet walks away from a lamp post of height 15
feet at a constant speed of 2 feet per second

Find the rate at which his shadow on the ground is increasing
when the man is 10 feet from the lamp post.

Solution:

15’

A X c y E
Let AB = Lamp post CD= man,
= length of the shadow

Let ‘X’ be the distance between the lamp post and man and 'y’ be
the length of the shadow.
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Given: d_x =2
dt

To find: % when x=10 feet

Here A ABE similarto A CDE

_AE _AB
"CE CD
X+y 15
Yy 6
6x+6y =15y, 9y =06Xx, 3y =2X
gdy _,dx
dt dt
dy 2 dx
dt 3 dt
W 2 4
t 3 3

.. The shadow is lengthening at the rate of % feet / sec

4.2 VELOCITY AND ACCELERATION
Let the distance ‘s’ be a function of time ‘t’
Velocity is the rate of change of displacement

Velocity v = ds
dt

Acceleration is the rate of change of velocity.

e dv d(ds) d?s
.. accelerationis a= —=—| — |=—-.
dt dtldt) dt?

Note:
1. Attime t=0, we get the initial velocity.
2. When the particle comes to rest, then velocity v=0
3. When the acceleration is Zero, velocity is Uniform.
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4.2 WORKED EXAMPLE

PART - A
1) If s=5t>—-3t?>+10tfind the velocity and acceleration after ‘t
seconds.
Solution:

s=5t> —3t2 +10t
Velocity =v = % =15t? - 6t+10
. dv
acceleration=a = ’m =30t-6

2.) The distance ‘s’ travelled by a particle in 't sec is given by
s=4t3 -5t +6 Find the velocity at the end of 10 seconds.

Solution:
s=4t>-5t+6
v=95_1o2 5
dt

When t=10, v =12(10)>-5
=1200-5=1195m/sec

3.) The distance time formula of a moving particle is given by
s =7t3 - 5t? +12t -13 Find the initial acceleration

Solution:

s=7t3-5t2 +12t-13

v _ds_ 21t2 ~10t+12
dt

acceleration=a = Z—\tl =42t-10

Initial acceleration =42(0) -10=-10 Unit /sec’.
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4.) If the distance ‘s’ meters travelled by a body in ‘t' seconds is
given by s=5t>-20t+12.Find at what time the velocity
vanishes.

Solution:

s =5t -20t+12
V= ds _ 10t-20
dt
Velocity vanishes, v=0
.~ 10t —-20=0, 10t=20
. t=2secs
5.) Find the initial velocity of the body whose distance time relation
is s =8cos2t+4sint
Solution:
s =8co0s2t + 4sint

\ =$ =-16sin2t + 4cost

Initial velocity = -16sin0 + 4cos0
=0+4=4
6.) The distance time formula of a moving particle is given by

s=ae' +be™". Show that the acceleration is always equal to the
distance travelled.

Solution:

s=ae' +be™

Velocity = v= z—f =ae' —be™!

. dv _
Acceleration =a = i ae' +be™t

=s.
.. Acceleration = distance travelled.
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1)

PART -B

The distance ‘s’ meters at time ‘t' seconds travelled by a particle
is given by s=1t3-9t2 +24t-18 1) Find the velocity when the
acceleration is zero. 2) Find the acceleration when the velocity is
zero.

Solution:

(ii)

s=1t3-9t? +24t-18
v=I8_3¢ _18t+24
dt

2
a=2° _6t-18
dt

Find velocity when acceleration is zero
ds

" dt?
~6t—18=0,6t=18 ..t =3 sec
Velocity =3 (3)> - 18(3) + 24

=27-54+24

=51-54 = -3 m/sec
Find the acceleration when the velocity is zero.

i.e. =0

~v=0
3t°—18t+24=0
t*—6t+8=0
t—-2)(t-4)=0
Lt=2o0rt=4.
At t=2sec,
Acceleration = 6(2) — 18
=12-18
=-6 m/sec
At t =4 secs,
Acceleration = 6(4) — 18
=24-18
= 6 m/ sec®

2
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4.3 TANGENTS AND NORMALS:

A

(o}

Let the graph of the function y=f(x) be represented by the curve AB,

Let P(x,y) be any point on the curve let Q(x+ Ax,y + Ay) be

neighbouring point to P on the curve. Let the chord PQ makes an
angle ‘0" with x axis. Let the tangent at P makes an angle y with X

axis.
Slope of the Chord PQ = Y AY =Y _ &Y
X+AX—-X AX

Now let the point Q moves along the curve towards the point P and
coincide with P, so that Ax >0 and Ay — oand in the limiting

position PQ become the tangent at P.

.. Slope of the tangent at P=slope of the chord when Q —» P

Lt Lt
tanw: tano = ﬂ:ﬂ
Q—-P AX —>0Ax dx

. The geometrical meaning of g_y is the Slope of the tangent at
X

a point (x,y) on it and it is denoted by ‘m’
Note:

1. Equation of the line passing through(xl,yl)and having slope
misy-y; :m(x—xl)
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2. If the slope of the tangent is ‘m’ the slope of the normal is
1

m
Slope of the line parallel to x axis is zero
Slope of the line parallel to y axis is «

4.3 WORKED EXAMPLES

PART - A
1) Find the slope of the tangent at the point (1,1) on the curve
x?+2y? =3
x2+2y?=3
Differentiate both sides w.r.t ‘x’
2X + 4yd—y =0
dx
dy
4y — = -2X
y dx
dy _-2x__ X
dx 4y 2y
At x =1, ﬂ=—1
dx 2

.. slope of the tangent at (1,1) is —%

2.) Find the slope of the tangent at the point x=2 to the curve

y =5—2x — 3x2
Solution:
y =5-2x-3x?
d—y=—2—6x
dx

Atx =2, ﬂ:— 2-12=-14
dx

.. Slope of the tangent at x=2 is -14
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3.) Find the slope of the normal at (1,-1) on the curve y = 3x* — 4x
Solution:

y = 3x? —4x
ﬂ—Gx 4
dx
At (1-1) %=6—4=2

.. Slope of the tangent = 2

.. Slope of the normal :—%

4)) Find the gradient of the curve y? = 4x at (1,2)

Solution:
y? = 4x
dy
2y—==4
ydx
dy_4_2
dx 2y vy
dy 2
At(12) L=—=1
12) ix 2

Gradient of the curve =1
5.) Find the point on the curve y =2x—x? at which the tangent is

parallel to x axis
Solution:

y=2x-x2

d—y:2—2x
dx

Since the tangent is parallel to x axis :_y =0
X

~.2-2x=0 2x=2 x=1
When x=1, y=2-1=1
. The pointis (1,1)
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6.) Find the slope of the tangent at the point (at2,2at) on the

parabola y? = 4ax

Solution:

y? = 4ax
dy
2y—— =4a
ydx
dy _da_2a
dx 2y vy

At (ot 2at) W - 22 1
dx 2at t

. The slope of the tangent is %

PART -B

1) Find the equation of the tangent and normal to the curve
y=6+x-x2 at (2,4).

Solution:
Y =6+x—x>
dy =1-2X
dx

At (2,4) N 143
dx

... Slope of the tangent =-3
Equation of the tangent at (2,4) is y—y. = m(x - xl)

y-4=-3(x-2)
y—-4=-3x+6
3x+y-10=0

slope of the normal :%

Equation of the normal is y —y; =m(x - x,)
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y—4=%@—2)

3y-12=x-2
x-3y+10=0
2) Find the equation of the tangent and normal to the curve
y=:;jlm(zn
Solution:
_ X+3
x2+1
dy _ (x2 +1X1)—(x+3)2x ~ x% +1-2x% - 6x
dx (x2 +1)2 ) (x2 +1)2

_1-6x-x*

(x2 +1)2
dy 1-12-4 -15 -3
dx 25 25 5
Equation of the tangent is y -y, =m(x — x;)

y—1=—%@—2)

At (21)

5(y-1) =-3(x-2)
By-5=-3x+6
3x+5y-11=0

Slope of the normal :g

Equation of the normal is y —y; =m(x - x,)

y—1=g@—2)

3y-3=5x-10
5x-3y-7=0

246



3)

Find the equation of the tangent to the curve y =3x%+2x+5 at
the point where the curve cuts the y-axis.

Solution:

4)

The curve cuts y-axis .. x=0
y=3x>+2x+5
y=0+0+5=5

The point is (0,5)
y=3x2+2x+5

d—y:6x+2
dx

At(0,5) Y 9222
dx

Slope of the tangent =2
Equation of the tangentis y —y: = m(x - x;)

y-5=2(x-0)

y-5=2x

2x-y+5=0

Find the equation of the tangent to the curve y = (x —3)(x - 4) at
the point where the curve cuts the x-axis.

Solution:

If the curve cuts the x axis then y=0
O=(x—3)(x—4)
~x=3 and 4
.. The points are (3,0) and (4.0)
y=(x-3)x-4)

%=(x—3)+(x—4)=2x—7

At@0) - =6-7=-1
X
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Slope of the tangent at (3,0) is -1 Equation of the tangent at (3,0)

y-0=-1x-3)
is y=-Xx+3
X+y-3=0

At (4,0) SX=8—7=1
X

Slope of the tangent at (4,0) is 1.
Equation of the tangent at (4,0) is
y-0=1(x-4)
y=x-4
X-y-4=0
5.) Find the equation of the tangent and normal to the parabola
y? = 4ax at (at2,2at)

Solution:
y? = dax
dy
2y—=4a
ydx
dy _4a_2a
dx 2y vy
At (at?,2at) dy _2a _1
dx 2at t

Is slope of the tangent :%
Equation of the tangent is y -y, =m(x — x;)
y — 2at :%(x —atz)

yt —2at? = x —at?
X—yt+2at> —at> =0
X—-yt+at>=0

Slope of the normal =-t
Equation of the normal is
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y-y:=m(x-x,)
y—2at= —t(x - atz)
y —2at = —xt +at>
xt+y-2at-at®=0

6.) Find the equation of the tangent to the parabola y? = 4ax which

makes an angle 45° with X - aixs.
Solution:
y? = 4ax 1
dy =4a

2
ydx

slope of the tangent = —=—=—
dx 2y vy

Tangent makes an angle 45° with X - axis.
.. Slope of the tangent = tan45° =1
LA
y
Put y=2a in (1)
4a® = dax
X=a
. The point is (a,2a)
Slope =1
. Equation of the tangent is y — y; = m(X-X,)
y-2a=1x-a)
y-2a=x-a
Xx-y+a=0
7.) Find the Equation of the tangent to the curve y =3x? —6x+1 at
the point where the tangent is parallel to the line 6x -y +2=0.
Solution:

y=3x2-6x+1 .. (1)
d—y—6x 6
dx
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1)

2)

Slope of the given line = b= 01

a 6

-1
If the tangent is parallel to the given line then
6x—-6=6
6x =12 X=2
Put x=2 in (1)
y =3(2)%-6(2)+1
=12-12+1=1

. The pointis (2,1)
Equation of the tangent is y —y; = m(x — x;)

y-1=6(x-2)

y-1=6x-12

6x-y-11=0
EXERCISE
PART - A

1.)If A=x?, x=2 cm., d_x =0.6 cm Find dA
dt dt

2.)Find dA if r=3 c.m ﬂ:0.2 cmand A=Tr2
dt dt

3)IfS=4nr2, r=1cm, d—S:47tc.m Find i
dt dt

4) Iszinr:%, r=4c.m ﬂ:0.1 c.m Find av
3 dt dt

PART -B

The area of a square is increasing at the rate of 4 cm?/sec. How
fast its side is increasing when it is 8cm long?

The radius of a circular plate is increasing at the rate of 0.03
cm/sec. At what rate the area is increasing when the radius
10cm.
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3)

4)

5)

6.)

7)

8.)

9)

10.)

11.)

12.)

13.)

14.)

The circular path of oil spreads on water. The area is increasing
at the rate of 16 cm?/sec. How fast is the radius increasing when
the radius is 8cm.

The distance ‘s’ meters travelled by a body in ‘t’ sec is given by
s=80t-16t2. Find the velocity and acceleration after 2 seconds.

The distance time formula of a moving particle is given by
s=2cos3t +3sin3t. Prove that the acceleration varies as its
distance.

Find the slope of the tangent to the curve xy=16 at the point
(2,8).
Find the slope of the normal to the curve y=3x2-4x at (1,-1).

The radius of a sphere is expanding uniformly at the rate of
2cm/sec. Find the rate at which its surface area is increasing
when the radius is 10cm.

The radius of a spherical balloon is increasing at the rate of
5cm/sec. Find the rate of increasing in the volume of the balloon,
when its radius is 30cm.

A stone thrown in to still water causes a series of concentric
ripples. If the radius of outer ripple is increasing at the rate of
5m/sec how fast is the area increasing when the outer ripple has
a radius of 12m

An inverted cone has a depth of 10cm and a base of radius 5cm.
Water is poured into it at the rate of 1.5 c.c/sec. Find the rate at
which the level of the water in the cone is rising when the depth
is 4.cm.

A. man 2m tall, walks directly away from a light 5m above the
ground at the rate of %m/sec. Find the rate at which his shadow

lengthens.
The distance travelled by a particle in time ‘t" seconds is

s=t>-6t2+12+8. Find the velocity when the acceleration
vanishes. Find also the acceleration when the velocity vanishes.

The distance time formula of a moving particle is given by

s=2t>+3t>-72t+1. Find the acceleration when the velocity
vanishes. Find also the initial velocity.
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15.) A Particle is moving in a st. line. Its distance at time ‘t’ is given by
s = 2t3 ~15t? + 36t - 70
a) Find the initial velocity
b) Find the time when the velocity is zero
¢) Find the time when the acceleration is zero

16.) The Velocity ‘v’ of a particle moving along a straight line when at
a distance ‘s’ from the origin is given by s2=m+nv2. Show that the

. . .S
acceleration of the particle is —
n

17.) A body moves in a straight line in such a manner that s = %Vt s’

being the space travelled in time ‘t" and ‘v’ is the velocity at the
end of time ‘t" prove that the acceleration is a constant.

18.) Find the equation of the tangent and normal to the following
curves.

a)y=2-3x+4x> at x=1

b)y=6-x+x> at (28)

c)y=6+x-x> at(24)
6X

d)y= at (-2-4
)y 71 (-2-4)
e)y—XJr3 at (21)
' x? +1 ’
X2 y2
f) =+25=1  at(aCos6,bsino)
a~ b
2 2
g.) x_2 - Z—zzl at (asec6,btane)
a

19.) Find the equation of the tangents at the points where the curve
y = x> —x -2 meets the x-axis.

20.) Find the equation of the tangent to the curve
y = x2 +5x + 7 where it cuts the y axis.
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ANSWERS

PART - A
1.) 2.4cm2 2.) 1.2ncm? 3) %cm 4) 6.4ncm®
PART - B
1.)0.25 2.) 0.6mcm?/sec 3) 1
T
4)) 16m/s,-32m/sec? 6.)-47.) —% 8.)160T
9.) 18000 1t cm?3/sec 10.) 120 Tm?/sec
11) 15 cm/sec 12) 4 m/sec 13)0
4n 9

14.) 42,72

15.) (a) 36 (b) t=2 or 3 (c) 5/2

18.) a.) 5x-y-2=0, x+5y-16=0

b) 3x-y+2=0, x+3y-26=0
c.) 10x+3y+32=0,3x-10y-34=0

d) 3x+5y-11=0, 5x-3y-7=0

e) Xcoso+Ysing=1 = _ DY a2 yp2
a b secH tan6

f) Lseco-Ytano=1, —2_ 4 by _ a2 412
a b secO secH

19.) 3x-y-6=0 , 3x+y+3=0

20.) 5x-y+7=0
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UNIT-V

APPLICATION OF DIFFERENTIATION — I

5.1 Definition of Increasing function, Decreasing function and turning
points. Maxima and Minima (for single variable only) — Simple
Problems.

5.2 Partial Differentiation

Partial differentiation of two variable up to second orders only.
Simple problems.

5.3 Definition of Homogeneous functions Eulers theorem Simple
Problems.

5.1 APPLICATION OF DIFFERENTIATION-II
Increasing function:

A function y = f(x) is said to be increasing function if value of y
increases as x increases or value of y decreases as x decreases

Increasing function
/—q
+A =
y+Ay Ay y = 1(x)
y
AX
X Xt+AX

In the above figurey = f(x) is a increasing function and
Ax>0,Ay >0

dy Lt Ay +
So—= —— =—=+ve
dx AXx—0AXx +

.. At every pointon theincreasing function the value of dy is positive
X
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Decreasing function:

Alfunctiony=f(x)lisSaidfobeldecreasingfunctionliffheNaluelofly
decreases[@silihcreasesloriNalueldfylincreases@asXidecreases]

Decreasing function

y Y=
y+ay Y

X X+AX

O

0O InOtheOaboveOfigureOy=f(x)Oisdaldecreasingdfunctiond and
Ax>0and Ay <0

O O_
S A e
dx Ax—0AXx +
. AtOevery [point0 on thel decreasing functiond the

valuel ofm% is negative 0

Turning points:

Alfunctionheedot@lwaysbelincreasinglorldecreasingLIIninostO
cases[theJunctionlslncreasingbnCsomelintervalCand[decreasinglin(

someldtherlihterval.[]
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P
dy
ax7 e y = f(x)
d
— —Vve
dx X=C o
X=a X=hb i
ﬂ=+v
dx
Q

In the above figure the function is increasing in the interval [a,b]
and [c,e]
It is decreasing in the interval[b,c]

Definition of turning points:

Turing point is the point at which the function changes either from
decreasing to increasing or from increasing to decreasing.

In the above figure P and Q are turning points.

Since at the point P, the function changes from increasing to

decreasing, valueof% changesfrom positive to negative. Hence at the
X
. dy
oint P, — =
P dx

Similarly at the point Q, % =0
X

Maximum of a function:

The maximum value of a function y =f(x) is the ordinate (y
coordinate) of the turning point at which the function changes from
increasing to decreasing function.

. At maximum, d_y =
dx
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Minimum of a function:

The minimum value of a function y =f(x) is the ordinate (y
coordinate) of the turning point at which the function changes from
decreasing to increasing function.

dy _

- At minimum, —= =
dx

Conditions for maximum:

d%y
dx?

At maximum, % =0and is negative
X

Conditions for minimum:

2
At minimum, Q:Oand dy is positive
dx dx?

5.1 WORKED EXAMPLES
PART-A
1.) Write the Condition for the function y=f(x) to be maximum

Solution: At x = a,
. dy
) —=—=0
(i) I
2
d—>21<O
dx

2.) Write the condition for the function y=(x) to be minimum

(ii)

Solution:At x = a,

. dy
) —=0
(i) I

2
d_>2/>0
dx

(ii)
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3.) For what value of x the functiony =x?>~4x will have maximum or

minimum value

Solution:
y =x?-4x
d_y =2x-4
dx

ﬂ:0:>2x—4:0
dx

2Xx=4 —=x=2
At x =2, the function will have maximum or minimum value.
4.) For what value of x the function y =x?~10x will have maximum or

minimum value

Solution: Let y =x*-10x

ﬂ=2x—10

dx

ﬂ=0=> 2x-10=0
dx

2x=10 x=5

At x =5, the function will have maximum or minimum value.

5.) For what value of x the functiony = sinx will have maximum or
minimum value

Solution:

. dy
y =SinX,— = COS X
dx

d_y=0 = C0S X =c0s90°
dx

Xx=90° or m/2

Atx =n/2 the function will have maximum or minimum value.
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6.) Find the minimum value of y =x?-4x
Solution:

y =x°—4x
ﬂ =2x-4
dx
Putd—y=0
dx
2x-4=0
2x=4
X=2
2
When x=2, d—)zl =2>0
dx
-.at x =2 thefunction is minimum
Putx=2iny

y=x2-4x=(2)?>-4(2)=4-8=-4

.~ y=-4 is the minimum value.
7.) Find the maximum value of y = x — x*
Solution:

y=X-X
ﬂzl—Zx
dx
Putﬂ=0
dx
s1-2x=0
2x =1
x =1/2
2
Whenx=1,ﬂ=—2
2 dx?
1

when x = E the function is maximum
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1.
Put x==1inYy,
5 y

y =X —x2
J1(1y_ 11
2 2 2 4

1. .
Ly = " is the maximum value.

Y

8.) Find the maximum or minimum value of y = 4x — 2x?

Solution:
y = 4x—2x?

d—y:4—4x
dx
2
ay _ 4
dx?
Putﬂzo
dx
4-4x=0
4x =4
x=1
2
d°y 4

a2

when x =1,

At x = 1, the function is maximum.
When x =1y = 4x - 2x?2
= 4(1)-2(1)2 = 2 is the maximum value

9.) Find the maximum or minimum value of y = 2x — 3x®

Solution:
y = 2X — 3%2
dy =2-6X
dx
2
&y
dx
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When x=1/3,the function is maximum.
1.
Put x==1iny,
3 y

y = 4x — 2x?

2
R
3 3
A1l 12-2 _ % is themaximum value.

3 9 9

PART -B

1.) Find the maximum and minimum values of the function

2x3 —=3x% -36x +10
Solution:
y =2x3 -3x? -36x+10

dy _ 6x% —6x — 36

dx

2
d—>2'=12x—6
dx

Putﬂ =0
dx

6x%> -6x—-36=0
e, x>?-x-6=0
(x-3)x+2)=0
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Xx-3=0|x+2=0
Xx=3 X=-2
d%y
When x=3,d—2=12x—6=12><3—6=36—6=30
X

When x=3, the function is minimum
Put x=3iny,
y =2(3)° -3(3)° -36x3+10
=54-27-108+10=-71
.. y=-71 is the minimum value
2
When x = —2,d—>2’=12(—2)—6=— 30
dx
Whenx=-2, the function is maximum
Putx=-2iny
y=2x>-3x? -36x+10
2(-2)° -3(-2) -36(-2)+10
=-16-12+82=54
.y =54is the minimum value
2.) Find the maximum and minimum values of (x _1)2()( -2)

Solution:

9 P - 2x )
= (c-1F +2x-Jfx-2)
= (x—l)[x—l+ 2(X—2)]
g_x = (x-1)3x-5)
dz_xy - (x~1)3)+ (3~ 5){1)
=3x-3+3x-5
=6x-8
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Putd—y=0
dx

(x-1)(3x-5)=0
Xx-1=0 |3x-5=0

x=1 x=E
3
. d%y
(i) When x =1d—2= 6()-8=-2
X

when x =1 the function is maximum
Put x =1iny,

y=l-1F(1-2)=0

.y =0is the maximum value

2
i) Whenx=>9Y _¢[2 _g|-10-8=2
3 dx? 3
when x=§ the function is minimum

5.
Put x=—=invy,
3 y

atnl

-4, _
Ly =EIS the minimum value
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. : log x .
3.) Find the maximum value of 0gx for positivevalue of x.
X

Solution:
Let yz_logx
1
X — |—logx.\1
dy _ (xj J ():1—Iogx
dx X2 X2
-1
o2y x2(7)—(1—log x)(2x)
dx? x4
_ —X-2x+2xlogx _2logx-3
x4 x3
Putﬂzo
dx
1-logx _
2
1-logx =0
logx =1
logex =1
x=el=e
LX=e
2
Whenx:e,OI >2l = 2Iog¢33—3
dx e
2-3 -1
3 3

When x =e the function is maximum
Put x=¢e in vy,

_logx loge 1
=% TTe e

1 . .
. y=— is the maximum value
e
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4.) Find the minimum value of xlogx.

Solution:
Let y=xlogx
dy_ X(EJ +logx.(1) =1+logx
dx X
dy_1
dx? X
Put d—y=0
dx
l+logx =0
logx = -1, log, x = -1
x=e?
1
=X =—
e
2
When x=i,ﬂ=—=i=e
e dx? 1
e

At x:l, the function is minimum
e
1.
Put x =—iny,
e
e

1 1
y = x.logx :—Iog[ )
e

y= é[logl— loge]

~2[0-toge]-2-1J-=>

-1 . .
. y=—is the minimum value
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5) Show that the function f(x)=sinx(1+cosx) is maximum

at x=2
3

Solution: Lety= sinx(1+cosx)

g—i = sinx(-sinx)+ (1+ cos x)cos x

=—sin? X + cos X + cos? X
=c0s? X —sin? X+ Ccos X
=C0S2X+CO0S X

d?y

d_2 = -2sin2x —sinx
X

Putﬂ =0
dx

cos2x+cosx =0

2c053—x.cos§:0 (-.-cosC+cosD:2cosCJrD cosC_D)
2 2 2
X
COS— =C0S— cosE:cos—
X = X
—_— T — —:TE
2 2 2 A
T
X== X=T
3
2
Whenx = E,ﬂ = —4Sin—Cos£— SinE
3 dx?
BB
2 |2 2
_ 3 33 53
2 2

. . . T
The function is maximum at X = 3
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6.) ABis 8cm long, find a point C on AB so that 3AC? + BC?may be
a minimum
1 |
A X C 8-x B
Solution:

Let: AC =x so that BC=8-x

ie y=3AC? +BC?

=3x% + (8- x)
=3x% +16-16X+X>
=4x? -16x+16
N _gx-16
dx
2
&y g
dx
Putﬂzo
dx

8Xx-16=0=> 8x=16=>x=2

2

when x= 2,d—¥ =8
dx

When x = 2 the function y is the minimum

.. The point C is at 2cm fromA

7.) A rectangle sheet of metal is 30 cm by 14 cm. Equal squares are
cut off at the four corners and the remainder is folded up to form
an open rectangular box. Find the side of the square out off
theso that the volume of the box may be maximum.
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14-2x

X 30-2x
X X

Solution:
Let the side of the square be x
Length of the box =30-2x
Breadth of the box=14-2x
Height of the box=x
~.Volume of the box = V=(30-2x)(14-2x)(x)

V = (420 - 60x - 28x + 4x? )k [ volume =1xbxh]
= x(4x2 - 88x + 420)
-V =4x® - 88x® + 420x

av _ 12x% —176X + 420
dx
2
d—\z/ =24x -176
dx
Putd—V =0
dx
12x% —176x+420 =0
, 3x% —44x +105 =0
l.e.,

3x? —9x-35x+105=0
3x(x-3)-35(x-3)=0

x—3=0 |3x-35=0
35

3

X=3 X

2
when X = 3,d—\2/ =24(3)-176
dx
=72-176 =-104
At x = 3the volume is maximum
Hence the volume is maximum when the side of the square cut
from each of the corner is 3 cm.
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8.) Find two numbers whose sum is 10 and whose product is
maximum.
Solution: let the numbers be x and y
Given, sum =10
i.e., x +y =10, y=10-x
Let p be the product of the numbers
p = xy = x(10 - x) = 10x — x?

2
ﬁzlo_zx,ﬂ:_z
dx dx?

X
2
Atx:5,(d—2J =-2
dx

-~ P is maximum when x=5

. The Numbers are 5,5
9.) The bending moment at B at a distance x from one end of beam
2

Put%=0,10—2x=0,x=5

of length ‘L’ uniformly loaded is given by M:%WL x—%wx

where x=load per unit length. Show that the maximum bending
moment is at the centre on the beam.

Solution:
| |

|
Al P X B
2

Bending moment M = %WL x—%wx

M 1
— =—wL —wx
dx 2
dx?
Putd—M:O
dx
.'.EWL -wx =0
2
WX=1WL
2
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d>m
3 — =W
dx?

When x =

NI N

L . .
. at x=§, M is maximum.

~. The maximum bending moment is at the centre of the beam.
10.) A body moves so that its distance from a given point at time't’

seconds, is given by S:4t+%t2—§t3 Find when the body

attains its maximum velocity.
Solution:

S=dat+217 -2
2 3

Velocity v= 95 _ 43232
dt 3

velocity v= % =4+3t-2t

N _g_ g
dt

. dzv_
v _

put

When t = E—V =4
4’ dt?

Att= % seconds Vv is maximum

. The body attains its maximum velocity when t = %sec.

270



5.2. PARTIAL DIFFERENTIATION
Functions of two or more variables

In many applications, we come across function involving more
than one independent variable. For example, the area of rectangle is a
function of two variables, the length and breadth of the rectangle.

Definition: Let u= f(x, y) be a function of two independent variables x
and y. The Derivative of u with respect to x when x varies and y
remains constant is called the partial derivative of u with respect to x

and is denoted by a_u
oX
L ou _ Lim  f(x + Ax,y)-f(x,y)
X Ax—0 AX

of(xy) . of

ou . .
— = is also written as

Similarly when x remains constant and y varies, the derivative of
u with respect to y is called the partial derivative of u with respect to y

and is denoted bya—u.
ay

_ou _ Lim f(x,y+Ay)-f(xy)

"y Ay—0 Ay
a_u is also written as af(X’y)orﬂ
oy ay ay

Second order Partial derivatives
ou ou .
In General, a—and EW are also function of x and y. They can be
X y

further differentiated partially w.r.t.x and y as follows.

d (auj 9°u 0°f

H i —| — | =—=(or)—(or)f
ence (i) PV vl ke (or)ax2 (or)f.

271



y 9 (ou) 0% 9%f
(i) &(W]_axay( )a % (or)fyy

d (du 0%u
(iii)
ay X ayax

2
(iv) ai/ [g;] ou )—(or)f
Generally, for all ordlnary funcnons,

0°f 0%

oxdy  dyox

5.2 WORKED EXAMPLES
PART -A

2 a2 42
1) If u=x*+y*+3x%y?+3x%, Find a_u a_u a_u CARATE
ox ay ox2 gy? oxdy

0%
dyox

a.) LERNEIN 6xy2 + 6xy
oX

b.) u_ 3y + 6x%y +3x°
ay

2
c.) gx_l; = ;_X[g_;) = ai(4x3 +6xy% + 6xy)= 12x% +6y? + 6y
9

0°u 0 (au 2
d')ay_ZZW(EJ:a (3y +6x2%y +3x ) 6y + 6X
0°U 9 (Au)_ 0 (ho2 . au2 2
e.) oxdy ax(ayj X(y +6X7y + x) Xy + 6X

)
62u d (au 0 3 2
)ayax ay[axj ay( X7 4+ 6Xy“ + xy) Xy + 6X
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2.) [Ifu=x.siny+Yy.sin x, find all second order partial derivatives .

Solution: u =x. sin y +y. sin X,

@ =sin th —a(SinX)
a.) ox Yoax TV o
=siny.1+yCosx
ou =X. a(siny) +sinx. a(y)
b.) dy ay ay

=X.Cosy +sinx.1

2
ou _ 0 [ a(xcosy+smx)
c.) axay "X ay o
=COSY + COSX

2
ou _ 9 auj J —(siny +ycosx)
d.) ayax ay ox ) oy

=COSY +COSX

2
ou_9dfou =i(siny+ycosx)
e.) ox%2 ox\ox) ox

= -y.sinx
2
a—lZJ:i(auj a(xcosy+smx)
f) oy odyldy) ody
= -X.siny

2
3) Ifu=x3+y3 +3xy, find () a—“ iy 2y 9Y
oX oy ox?

(IV) =0

Solutlon.
u=x>+y> +3xy,

axay I) ay. ax
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(i) N g2, 3y
ox
(ii) M _ 3y? +3x
ay
9%u
iii —— = 6X
(iii) W,
. 0%u
v —=6
(iv) % y
2 2
v) U 5 wiy 2l o3
oxay dyox

4) Find g—“ When u =log(x® +y?)
X

u= Iog(x2 + yz)

a_u_ ! 22X = 2X

X XZ + y2 X2 + y2

5.). Find N \Whenu = sin‘l[XJ
ox y

1=

<I|—\

_TJ R

y

6.) Ifu=sin3x.cos4y Flndg—uand %

ay

If u =sin 3xcos 4y

a—u:cos4ycos3x3
oX

S—u = sin 3 X (- sin 4y.4) = -4sin3xsindy
y
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7) tfu= e Find & and u
oX ay

2 2
u=e* "y
Ju
ox

=X 2x g_u =¥ oy
y

8) Find2Y ifu= tan-l(lJ
oy X

Solution:u= tan‘l(—J

X 1 x
X2+y2'X x2+y2
3 3 - o » ., 0% 0°u
9.) Hfu=x"+y”+3x%y+3xy", find — and —
oy ox

N _ a2y 3y.2x + 3y?
ox

=3x? + 6xy + 3y?

0%u
— =6x+6
ox? Y
o _ 3y? +3x% +3x.2y
ay
2
a—g =By + 6X
ay
2 2
Here a—l; = a—lzj
ox< ady
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PART - B

0%u _ 9%u

1) If x? +4xy +y?, Show that =
) yry oxdy  dyox

Solution: u = x? + 4xy + y?

x2 +4xy+y2)= 2x + 4y

x? +4xy+y2): 4x + 2y

Q) QO
|°’><|°’

u_
oXx

a_u:
ay y

(
(

axay o [g_uj o r)=4
o

X+4y
)y a=a
Ju Ju

2. Ifu=x>+y°+3 Show that x—+y— =3u
) x +y® +3xy?, ™ yay

ayax

.3 3 2
Solution: Y=X" 1Y +3xy

u_d (3 3 2 2 2
—=—IX"+y +3xy“)=3x"+3
ol Y )= v 3y

g; aa (x +y +3xy) 3y? +6xy
Xt y—y = x(3x2 + 3y2)+ y(3y2 + 6xy)

=3x3 + 3xy? + 3y> + 6xy?
=3x3 +3y® + 9xy?
= 3(x3 +y3 + 3xy2)= 3u
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5.3 HOMOGENEOUS FUNCTIONS:

An expression in which each term contains equal powers is
called a homogeneous expression.

A function of severable variables is said to be homogeneous of
degree ‘n’if multiplying each variable by t(where t>0) has the same

effect as multiplying the original function by t" Thus f(x,y) is
homogeneous function of degree n if f(t x, t y)=t" f(x, y).

Example:

If u= find the degree

1
VxZ +y?
Solution:Put x=t x, andy=ty
1 1 1

\/(tx)2 +(ty)? B \/tzx2 +t2y? B t\/x2 +y?
1

X2 +y?

u is a homogeneous function of degree -1.

u=

Euler's theorem on homogeneous functions:
If uis a homogeneous function of x, y of degree n, then
au ou
X.—+Yy.—=nu

Proof: If u is a homogeneous function of X,y
u="f(xy) :x”.(p(XJ
X

Differentiating (1) Partially wrt X’

ou _ o1 V)4 e Y)Y
i Nt b

a_u — an_l(])(Xj _ Xn—qu). (Xj 2
ox X X
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Differentiating (1) partially w.r.t 'y’
% = an)[lji
ady X ) X

oY)
X

Multiplying (2) by x and (3) by y and adding.

by (1)

x4 4 ya—u =nx"9 X |- x" gy [Xj + x”‘lyq)(xj
0X oy X X X
ou du
X—+y—=nu
oX ay

5.3 WORKED EXAMPLES
PART-A

1.) Find the degree of the function u = X

Solution:

x-y

Put x=tx,y=ty

L 53 £y t3(x3 —y3)
Cotx-ty  t(x-y)

_ tZ(XS _y3)

X=-y

~.degree of the function is 2

278



2.) Find the degree of the function u = x3 +9xy? +y?
Solution:
u=x3+9xy? +y?
Putx =tx,and y=ty
u= (tx)3 + 9(tx).(ty)2 + (ty)3
= 3x% + oxt®y? + t?y?
=t [x3 +9xy” + y2]
.. degree of the function is 3

PART-B

1.) Verify Euler's theorem when u = x3 - 2x%y + 3xy? + y*
Solution:
u=x3- 2x2y +3xy2 + y3
u(tx, ty) = t3x% = 2(tx Pty + 3(tx) (ty)? + (ty)°
= t3x3 - 2t%x%ty + 3txt?y? + t3y°
=t3 [x3 - 2x2y + 3xy2 + y3]
.. Therefore u(x,y) is homogeneous function of degree 3.
By Euler’s theorem

Ju ou

X—+Yy—=nu
oX oX

To prove that

Ju ou

X—+Yy—=3u
oX X

%:BX2 —4xy +3y? +0 = 3x? — 4xy + 3y?
X

?=0—2x2 +3x2y +3y? = 6xy — 2x2 + 3y?
y

x M ya—u =3x3 - 4x2y + 3xy? + 6xy? — 2x%y + 3y*
oX ay

=3|x3 - 2xy?y + 3xy? + y3]= 3u
Hence Euler’s theorem is verified.
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1

N

2.) Verify Euler’'s theorem for u(x,y) =

1

u(x,y) = W
1 1 1
u(tx,ty) = = =
o2 +(tyP O +2y2 32 +y?
1

=t =
VX2 +y?
.U is a homogeneous function of order -1.

Jau Jau
By Euler's theorem x—+y.—=(-1
y x oy (-1

Verification: U= ——1 _ = (x2 + yz)f}/2
X2 +y?

-3
_gu = —%(xz +y?) AZX
X

-3
=—x(x2+y2)é
ou -1 2 2—%
—=—(X"+ 2
% 2( y©) 722y

oy +y?) 2
VL y.% = x.[— x(x? + yz)_%} + y[— y(x? + yz)_%}
ox ay
=X +y7) 2 yP 6 4 y) 2

-3
= (2 +y2).0C +y?) 2
L3 O
C (YD) 2= (P ay?) Pt oy )
x2 +y?

From (1) and (2 ) Euler’s theorem is verified
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3.) Using Euler’s theorem, for u = sin‘{u]

X+Yy
au au
prove that x— +y.— =tan u.
oX ay
Solution:
U is not a homogeneous function. But sinu is a homogeneous
function.
2 2
Define sinu= Y
X+y
2 2
~fxy) =sinu=2"Y_
X+Yy
2 2
f(tX,ty) — (tx) + (ty)
X +ty
B tZ!XZ + y2 )
t(x +y
Xy
X+Yy
=t f(x,y)

~.sinu is a homogeneous function of degree 1.

By Euler’s theorem

< d(sinu) . ya(smu) _1sin
ox oy
ou ou .
XCOSU.—+Yy cosu— =1sinu
ox oy
cosu xa—u+ya—u =sinu
oX oy
x QU y U _ tanu
x Y y
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4. Using Euler’s theoremif u = tan‘l{u},
X-y
prove that x.% + y.a—u =sin2u.
0X oy
Solution:
u is not a homogeneous function. But tanu is a homogeneous
function.
3 3
X° +
tanu=2"Y"
X=y
3 3 3,3 3,,3
anu < P Hty)P x4ty
tx —ty tx —ty

_ tg(x3 +y3) _ 2 x3+y?
tx-y) x—y
~.tanu is a homogeneous function of degree 2.

By Euler’s theorem,

d(tanu) _otanu

x.i(tan u)+y.
oX

x.sec2ul 4 ysec? udY ~ 2tany
ox ay

sec?u x4 4 ya—u =2tanu
oX ay

2 ou ou 2tanu
+SeCcU,  X——+y-—=—"—
ox ~dy sec“u

du du 2sinucos?u . .
=—————— — =2sinucosu=sin2u

ax oy cosu
ou Jdu .
S X—+y—=sin2u
0X oy
5.) Using Euler’'s theorem Prove that xa—quya—u :ltanu
ox “ady 2

fuo [_VJ
x4y
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Solution:

u is not homogeneous and hence take the function sinu

u=sin‘l[—x_y ]

Vx+4y
Xy

Vx +4fy

Put x=xty=yt

sinu =

f(tX, ty) = \/Xitt%y\/tﬁ

__tx-y) B (x-y)
B T

N . 1
.. Sinu is a homogeneous function of order —
Using Euler’s theorem.

d(sinu)  d(sinu) 1
X. +y. =—sinu
ox ox 2

Jou Jdu .
cosu)— + yCosu)— = ¥, sin
x(cosu) Y u)ay % inu

au ou 1
+COoSsU, X—+Yy—=—tanu.
ox dy 2

6.) Using Euler's theorem if u = xy? sin(ij show that
y

Jou Jdu
X—+Yy.— =
ox ay
Solution:

u = xy? sin[i]
y

Put x =tx, y =ty

3u
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((tx
= tx(ty)? sin| —
u = tx(ty) Sm(ty]

u=t3xy? sin(iJ
y

..u homogeneousfunction of order 3.
Using Euler’s theorem, we have

X.—+y.—=3u
oX y ay
7) Ifz= e’ Prove that x.a—z+y.£ =3zlogz
oX ay
Solution:
z=e""Y

logz = Iogex3+y3
= (x3 +y3)loge
logz = x3 +y® = f(x,y)
f(tx, ty)=t2x3 +3.y3 = tg(xe’ + Y3)
=t (xy)=t[f(xy)]
.~.fis a homogeneous function of order 3.

(i.e) logz is a homogeneousfunction of order 3.

By Euler’s theorem

X. a(logz) +y. a(logz) =3logz
ox ay
x.l.a—z+ yla—Z =3logz
zZ ox z dy
x.a—z+ y.a—Z =3z.logz
oX ay
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8.) Ifu=log X2 yz showthatxa—u+y@:3
X +y ox oy

Solution:
5 5
X -y
u=lo
g[xz +y2J

~e =(X5 _yz}z (say)

~z(xy) = 1y

() -~y _ 2<° ~y®%)
(<P + (P 202 +y2)
=t {X _ySJ—t3z(x,y)

x+y

Z(tx,ty) =

. z(x,y)is a homogeneous function of order 3.

-. By Euler’'s Theorem,

aou aou
e xe' —+ye' —=3e"
oX y oy

Dividing by e"
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1)
2)
3)

4)

5.)

6.)

7)

8.)
9.)
10.)

11.)
12.)

13.)

EXERCISE
PART-A

Find maximum (or) minimum Point of y = 4x — 2x?
Find maximum (or) minimum Point of y = x> —10x

Find maximum (or) minimum Point of y = Cosx
2

When x=3 and %=4x—3 verify the point is maximum or
X

minimumpoint

When x=2 and j%z =2x +1 verify the point is maximum or
minimum point

If x=-1 is the minimum point of y=x?+2x+3 what is the
minimum value?

If x :% is the minimum point of y = x — x?> what is the minimum
value?

Find the maximum value of y = 2x — x>

Find the maximum value of y =x— Jx

Find the maximum value of y = x — x2

Write down the conditions for maximum value of y = f(x)at x = a
Write down the conditions for maximum value of y = f(x)at x=a
Find g—iandg—; for the following .

a.) u=5x3-2x+6y>-18

b.) u=5sinx + 4tany

c)u=4e*+7.siny+8

d.) u=x2siny

e.) u=y?.secx

f.) u=sin4x.Cos2y
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g)u= tan‘l(%j

h)u= Iog(eu + ey)
i.) u=Xy+sinxy

i) u= x?Cos{ij

y
14.) Find the order of the following homogeneous equation
oy
a)u=x>+y*+2° (b)u="r—"2—
iy
2(y2 _\,2
cyu=2 %Y ) (d) u=3x%+6xy+y>
2 -y?)
1
e.)u=
) X% +xy +y?
PART-B
1) Find the maximum and minimum values of the following
functions:

(@) y =2x? +3x2 -36x +1
(b) y = 2x2 —15x? +36x +18
(€) y =2x®-3x%>-12x+5
(d)y =2x3-21x2 + 72x +1
(e)y =x3-6x%+9x+1

(f) y=4x®-18x% +24x -7
(@) y=x3-3x2-9x+2

() y = (x - 2)(x + 1

) y=x+

My X+ 2
. 1-x+x?
0 y_1+x+x2
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2)
3)
4.)
5.)

6.)

7)

8.)
9)

10.)

11.)

12.)

13.)

Find the numbers whose sum is 10 and whose product is the
maximum.

Find two numbers whose product is four and the sum of square
is a minimum.

ABCD is a rectangle in which AB= 9cm and BC=6cm Find a point
P in CD such that PA? +PB? is a minimum

The perimeter of a rectangle is 100 meters. Find the side when
the area is maximum.

A square sheet of metal has each edge 8 cm long. Equal
squares are cut off at each of the Corner, and the flaps are then
folded up to form an open rectangular box. Find the side of the
square cut off so that the volume of the box may be a maximum.

. . log x o
Find the maximum value of 0gx for positive value of x.
X

Find the minimum area of a rectangle inscribed is a semicircle.

Show that the maximum rectangle inscribed in a circle is a

square.

Find the fraction, the difference between which and its square is

a maximum

Find 2 numbers whose product is four and the sum of their

square is a minimum.

Verify that a—ZU: o’u
oxdy  dyox

for the following functions

(@)u= yiz—xiz( b) u= tan—lgj

(c.) u=x%+3xy? +y3(d.) u=xSiny +y.Sinx
Verify Euler’s theorem for the functions.

%
@) u =x|og(¥J (b)) u :sin[x_yJ ’
X X+y
1

(c)u= (d) u=x3-2x%

X2 +xy +y?
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14.)

15.)

16.)

17.)

18.)

19.)

20.)

21

22.) If

23)

x3+y3 () u= x%+y%

e)u=
(©) X2 +xy +y?

(h) u= x3.sin[lj
X

x? +y
(9)Uu=——
ﬂX +y

0 b Xty
Y+ X
Ifu = x2 +y? Showthatx—+ya—u=u
oX oy
ifu=siny L |and x 20 Provethatx%+y%=0
X oX ay

)
Ifu= sin‘{g

;\/; Provethatx@+y@:0
+Jy ) ox oy
3

3
Ifu=log X +y Provethatxa—u+y%:2
X+Yy ox ay

Ifu =sin} +tant 1y Provethatx%+y%=0
y X ox oy

2 2
ifu=sin" Y| Prove thatxa—u+y@—tanu
X+y oX ay

x+y Provethatxa—+yau 3

JX+Y oX ay 2

J Prove that x. ?+ y. a_u =_?1tanu

Ifu=

If u=sin™
ay

ox ay

3
fu=—"-+= Showthatxa—u+ya—u:3u
X3 +y? ox oy

{ J Prove thatx.a—u+y.a—u:lsin2u
X-y 2
3
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3.3
24) If u= sin‘l[uJ , Show that x.%+ y.a—u =2tanu

X+Yy oX oy
25) If X' +yt Showthatxa—u+ya—u=2u
X% +y? oX oy
2 2: | Y Ju Ju
26.) If u=x°+y“Sin = Showthatx—+y—=4u
X oX ay
27.) Ifu=tan™ 1y Showthatxa—+y%=0
X 0X ay
ANSWERS
PART-A
1 1 2) 5 3) 0 (4) 2
1 -1 1
5 = (6 1 7 — 8 =
©) > (6) ) 2 (8) 2
ou

(13) @ ——15x -2,— =+12y
ay
ou
(b)——5cosx =4sec’y
ay
(c)——4e a—u—7cosy
ay
(d) a—u=siny.2x,%= x2.cosy
oX ay

(e) u_ y? sec.tan x,a—u =sec x.2y
oX oy

() o = C0S 2Y.C0S 4x.4,ﬂ =sin4x —sin2y.2
0X oy
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@ —= Y.
a 2 2
X 1+ y—z X
X
(h) M__ 1
ox e*+eY

. du
(i) — =y+cosxyy
ox

) M _ 2 sin(ij.l + cos[iJZX
X y)y y

1
(14) (@) 3 (b) 1
(d)2 (e) -2
1) a) 82,-43
(©)12, - 15
(e)5,1
(9)-25,7
@ -6, 2
2) 55 3) 2,2
4 1
° 3 ng
1
10) 5 11) 22

(c)2

PART-B
b)46,45
(d) 82, 81
M3, 1
~500 7

AT

o 1
0)315
4) 45  5)

8) a? 9)

201

25
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MATHEMATICS - I

MODEL QUESTION PAPER -1

Time : 3 Hrs Max Marks : 75

1.
1)
2)

3)

4)

5)

6)

7

8)

9)

PART - A
(Marks: 15 x 1 = 15)
ANSWER ANY 15 QUESTIONS:
Find the centre and radius of the circle X* + y* + 4x - 2y + 3=0

Find the equation of the circle with centre (-2, -4) and radius 5
Units.

Write down the equation of the circle with end points of a
diameter (x, Y1) and (X2,Y>)

Show that the point (5, -12) lies outside the circle
X2+y?-2x+2y-60=0

State the condition for two circles to cut orthogonally

Evaluate sin2x
—0 3x

Find i{—+7cosx}
dx X
d

Find — tanx
=i tanx]

. d

Find — [cos(logx)]
dx

10) Find dix [sin’l(«/;)]

2

11) Find j—y ify = tan x

X2

12) Find the differential equation by eliminating constant r, from

X2+y2:r2
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13) IfA=x"and 9 _2find 92 whenx=5
dx dt

14) If the distance s given by s = 3t*+5t+7, find the velocity when
t=3 seconds.
15) Find the slope the tangent to the curve y:x2-5x+2 at the point
@1 ,-2).
16) Find the slope of normal to the curve y = Jx at (4,-2).
17) Show that the function y=4x-x*+7 is the maximum at x=2.
Jou du

18) If u=x*+5x%y+y® find —, —
ox oy

19) If u =log (x*+y?) find g_u
X

20) State Euler's Theorem.

PART - B
(Answer Any TWO subdivisions in each question)
All Questions carry Equal Marks
5x12=60

21 a) Find the equation of the circle passing through the point (-9,1)
and having centre at (2,5)

b) Find the equation of the circle passing through the points
(0,1),(2,3)and (-2,5)
c) Find the equation of the tangent at (5, -2) to the circle x* + y* -
10x - 14y -7=0
22.a) Show that the circles X°+y* — 4x + 6y + 8 = 0 and x° + y* —
10x- 6y + 14 =0 touch each other.

5 p—
b) Evaluate X—243
x—3 x3-27
c) Differentiate the following:-

2 .
(i) y=e"logxsinx. (i) y=X_tSinx
x—Cosx
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23.a)

b)

c)
24.a)

b)

25.a)

b)

c)

dy

Find if (i) y=log (secx+tanx) (ii) ax2+2hxy+by2 =0

. dy [P 1 1—X2
Find — if (i = COoS
ix My 1

> (i) x=a (t+cost), y=a (1+sint)

if y = x* Cos x, prove that X* y, - 4xy;+(x°+6)y=0

The radius of a sphere is increasing at the rate of 1cm/sec.
How fast the volume will be increasing when the radius is 4cm

A missile is fired from the ground level rises x meters vertically
o 25 _
upwards in time 3 seconds and x =100t - 7t2 .Find the

initial velocity and maximum height of the missile

Find the equation of the tangent and normal to the curve
y:x2-x+1 at (2,3).

Find the maximum and minimum values of

2x° - 15x% + 36x + 18

. 9% 9°u
If u=x>—2x% + 3xy* + 3, Find — and —
y y +y oW ay2
3_,,3
Ifu= X~y Prove that x a—u+ a_u =2u
X+Yy ox oy
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MATHEMATICS - 1I

MODEL QUESTION PAPER -2

Time: 3 Hours max. Marks: 75

10.

11.

12..

13.

PART - A
Answer any 15 Questions:
Find the equation of the circle with centre (2,0) and radius 10
units
Find the centre and radius of the circle x> + y* = 4

Find the equation of the circle with the points (1, -1) and (2, 2)
joining as diameter.

Find the length of tangent from the point (5,7) to the circle
x2+y2-6x+10y-11:0.

Show that this circles x*+y*10x+4y-13=0 and x*+y*-10x+4y-19=0
are concentric circles.

Evaluate

X—3 X —
1
X2

. d .
Find — if y= +
! dx y

Find a If y=e*logx
ax
. d 4
Find —If y=cos”x
ax

Find & if y = tan™(x%)
dx

. d?y .
Find — ify =sin (2x
oz (2x)
Findzthe differential equation by eliminating the constants from y
=ax“+b

If v=a® and %:1, find dy whena=5
dt dt
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14.

15

16.
17.

18.

19.

20.

If S=ae'+be”, show that acceleration is always equal is to
distance

If the distance time formula is given bye s=2t*-5t*+7t-4, find the
initial velocity.

Find the slope of the normal to the curve y = X2 + 7x at (1,8)
Find the minimum value of y = X2+ 4x + 1
If u = x>+x%y+2xy*-y® find a_u
ay
. du
If u = tan (ax+by) find —
oy
24 y2
Show that is homogeneous. State the order of the
function.

PART - B
Answer any TWO sub division from each question:
All Questions carry Equal Marks
5X12=60

21.a) Find the equation of the circle, two of whose diameters are

22

X +y =6 and x + 2y = 4 and whose radius is 10 Units.

b) Find the equation of the circle passing through (0, 1) and
(4, 3) and having its centre on the line 4x - 5y -5=0

¢) Find the equation of the tangent at (4, 1) on the circle
X2 +y?-2x+6y-15=0

a) Find the equation of the circle which passes through the origin
and cuts Orthogonally with circles x* + y* — 8y + 12 = 0 and
X2+y2—-4x—-6y—-3=0

b) Evaluate smle
-0 sin7x
. dy . . a b ¢
c) Find — if [ =+ —+—
) i 0) y=zt 3ty

(i) Y= (X°5) Cos x log x
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23 a)

b)

24 a)

b)

25 a)

b)

Find dy if () y = sin (" log x)

(i) X*+y®  =2axy
2X

Find g_y if (i) y=tan" ——

X 1-x
(i) x=at’, y=2at
if y = a cos (logx) + b sin (logx) prove that X?y,+xy;+y=0
The base radius and height of a conical funnel are 4cm and
20cm respectively. Water is running out of the funnel at
2cc/sec. Find the rate at which the level of water is decreasing
when the level is 10cm.

If the distance time formula is given by s=2t-15t>+36t+7, find
the time when the velocity becomes zero.

Find the equation of the tangent and normal to the curve y = 6
+x-x2at(2, 4)

Find the maximum and minimum value of y = 4x>-18x°+24x- 7.

If u = log (x*+y?) find x M, y ou
oX oy
3 3
fu=tan? XY show that x2Y + y N _sin2u
X-y oX ay
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